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Overview

e My 1 (P", d) = {genus-1 stable maps into P"
U with k marked pts}

=0 .
o N, (P",d) = main irred. component of

M1 (P, d)

Goal: construct desingularization

T M (P, d) — Iy, (P", d)

Approach:
Blow up other components of 9y 4 (P", d)

and similar subvarieties



Good Properties of ﬁ?)k(IPm, d)

MY (P, d) —— M, (B", d)

1. m<n — P"<—P": 7T| 7r|

0 , 1 —0 ,
ml,k(P 7d> — ml,k(]P) 7d>



f universal curve

T C L[ (SAY > pn

I ([E5uf;2) — u(z)
p
U= ﬁ(1),1<;+1(1Pm7 d)

—0 n
[Z7u] = 93(‘(1,l€(IP) 7d) p=1/f, ev=eviy1

u:n —Pn fj

evaluation at
last marked point
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V(a)=p«7"ev*L V(a)=p«ev'L

| |

an0 n 4 Y n
ml,k(P 7d) - 9J/tl,lc(IP) 7d)

Thm: V(a) is locally free




Applications

Enumerative Geometry

counts of genus-1 curves in P"

\ . 7
~"

- /_O V) = /N T e(V)
ml,k(w,cy mY . (Pm,d)

vb compute by localization

Gromov-Witten Theory

Y, C P™ hypersurface of degree a
Thm (J. Li, Z.-):

W1 o (Y,) = / e(V(a)) + GWo.. (Ya)

My 4, (P ,d)

_ / eW(@)  + CWo.(Ya)
mY , (P™,d)

\ 7
Ve

compute by localization



Approach to Proof:

e Describe structure of 91,
e Describe changes after each step of blowup

e Do idealized blowup at each step:

—
o blow up along variety Pr 91,

o attach PAjde
Njde = jdealized normal bundle for Pr

helps describing Pr ﬁ(l)



Notation: Genus-1 Curves

e M;j; = {genus-1 curves with [ marked pts}

o ;. E— Ml 1 natural line bundles; k=1, ...
o E = Hodge L.b.: E|z ;... 4 = H(Z;T*Y)

o Lj = universal tangent l.b. for yg:
Lk|[27y1 ,,,,, vl — Ty, 2

o si: L —>E* natural homomorphism:

N



Notation: Genus-0 Maps
Mo 1(P", d) = {genus-0 maps w. 1 marked pt}
evy: Mo.1 (P, d) —P" evaluation at marked pt
2 y1, ul —u(y1)

Ly — Mo 1 (P, d) universal tangent Lb. at y;

D,: Ly —eviTP" differential map:
Dl‘[Z,yl,U] (’U) — dulylv < TU(yl)]Pn

ﬁ(),(l) C Uﬁojl(ﬂm,dl)x...x ﬁo)l(lpm,dl)

di+...+d;=d
dq,...,d;>0

evy agree on My ()

dp=d
Tk Mo, 1) — U Mo.1(P",dr) projection
dip=1



Structure of M,
M = ﬁ? U U smll; 931(1) — Uﬁll is smooth

1>1 I>1

S S ]  —
L] (Ml,l Xm(),(l))/sl —>9ﬁ1 C I

node-identifying immersion

embedding outside of | J;,_, ﬁll

1dealized normal bundle for ¢;:

k=l
/\/‘lide — @W};Lk@ﬁ%ﬂzl’l — Ml,l Xﬁo,(l)

k=1
Ll “smooth out”
@ X : % the nodes
2N

My, Mo 1)
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l
Describe structure of sm(l) AR)SE

_ L0 —
Zi=u ' (M), Zi=Z;N (M1, x Mo 1)),

_ . . , — —0
normal cone N Z; C N} for immersion ¢;: Z; — 9,

Define bundle homomorphism

k=l
Dyy: e — @ mpLir@npmili — TpE QeviTP"
k=1

>k %k >k
DwylrtLponymrL, = Tpsk @ mpmp D1

Proposition
o Zy ={ueMi;xMy ) : kerDyylu#0}
e NZi|z = ker D
e Z; = closure of Z; in Ml,l Xﬁ(),(l)

e N'Z; = closure of N'Z;|z, in Nj9°
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The [th step of the blowup construction:

—
e blow up along proper transform of 9,
a smooth subvariety

e attach idealized exceptional divisor PN
along exceptional divisor &

./\~/'lide = idealized normal bundle for Pr ¢,

e describe changes in v, Zp, NZp VU
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End Result:

e Proper Transform of Z, is the zero set of

transverse section of a vector bundle over
a blowup of PA/}de

I=d
o M, =MTu( ]2
=1
I=d
eff _ gm0 Ul
o My =My — U M, is smooth
=1
o Z; 1s smooth

o Normal sheaf of Z; in MY is Lb.

— MY is smooth
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