
MAT 644: Complex Curves and Surfaces
Notes for 05/06/20

Last 2 times: irrational ruled surfaces
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Dfn: C-surface S is ruled
if D cmpt conn Riemann surf. Σ and holomor. π : SÝÑΣ

s.t. π´1pzq«P
1 for all zPΣ

ðñ S“PE for some holomor. rk 2 v.b. EÝÑΣ
ùñ π˚ : H0pKΣqÝÑH0pT ˚Sq, π˚η“η˝dπ, isom. ùñ gpΣq“h1,0pSq

Also: χpSq“´4pg´1q, K2

S “´8pg´1q

Lemma 0: S“ minimal projective surface.
If D cmpt conn Riemann surf. Σ and holomor. π : SÝÑΣ

s.t. π´1pzq«P
1 for generic zPΣ, then S is ruled.

Thm: S“ minimal projective surface.
If χpSqă0, or K2

S ă0, or χpOSqă0, then S is irrational ruled (gě2).

ùñ If S is a projective surface with either χpSqă0 or χpOSqă0,
then S is a blowup of irrational ruled surface with gě2

b/c χpSq decreases, χpOSq unchanged under blowdown

χpSqă0 and K2

S ă0 cases ùñ χpOSqă0 case b/c of Noether’s Formula, χpOSq“
1

12

`
χpSq`K2

S

˘

χpSqă0 case done Wed; K2

S ă0 case almost done Mon

Main Tool: Albanese variety AlbpSq of S and Albanese map Ψp : SÝÑAlbpSq, pPS fixed

γĂS loop ù

ż

γ

¨ : H0pT ˚SqÝÑC ù

ż

γ

¨ PH0pT ˚Sq˚

ΛS ”

"ż

γ

¨PH0pT ˚Sq˚ : rγsPH1pS;Zq{Tor

*
Ă H0pT ˚Sq˚

Claim: ΛS ĂH0pT ˚Sq˚ is a lattice (ðñ ΛSbZR“H0pT ˚Sq˚); same pf as for curves

ùñ (a) AlbpSq”H0pT ˚Sq˚{ΛS « T
2h1,0pSq

(b) @ pPS, Ψp : SÝÑAlbpSq, Ψppp1q“

ż p1

p

¨ P H0pT ˚Sq˚{ΛS , is well-defined holomor.

(c) if h1,0pSqě1 and P1pSq”h0pKSq“0, ImΨp ĂAlbpSq is a curve:
if dp1Ψp is injective for p1 PS, D ωPH0

`
Λ2pT ˚AlbpSqq

˘
s.t. pΨ˚

pωqp1 ”ωΨppp1q˝dp1Ψp ‰0
(d) Ψp˚ : H1pS;Zq{TorÝÑH1pAlbpSq;Zq“π1pSq“ΛS is isom.
(e) Ψ˚

p : H0pT ˚AlbpSqqÝÑH0pT ˚Sq is isom.



Prp 1: S“ cmpt conn. C-surface.
If ImΨp ĂAlbpSq is a curve with normalization π : ΣÝÑ ImΨp, then

(i) h1,0pSq“gpΣq (ii) D rΨp : SÝÑΣ holomor. s.t. Ψp “π˝rΨp

(iii) rΨ´1
p pzq is conn. @ zPΣ

(iv) if S is minimal projective, K2

S ď0, and D effective D on S with KS¨Dă0,

then rΨ´1
p pzq«P

1 for zPΣ generic (Lemma 0 ùñ S is ruled).
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proved Mon assuming Lemma below

Lemma 1: S“ minimal projective surface s.t. ΨppSqĂAlbpSq is a curve

Σ“ normalization of ΨppSq, rΨp : SÝÑΣ lift of Ψp

If CĂS is an irred. curve with KS¨Că0 and |rΨppCq|“1, then rΨ´1
p pzq«P

1 for zPΣ generic.

Proof. Suppose CĂFz ” rΨ´1
p pzq and Fz “

ÿ

i

miFi with mi PZ`, Fi ĂS irred.

ùñ KS ¨Fi ă0 for some i, 0“Fz ¨Fi “
ÿ

j‰i

mjpFj ¨Fiq `miF
2

i

if kě2, then
ÿ

ą 0 (b/c Fz conn.) ùñ F 2
i ă0 ù impossible (S is minimal)

if k“1, then 0ąKS ¨Fz “2papFzq´1q ùñ apFzq“0
ùñ generic fiber of rΨp is P1

Prp 2: S“ projective surface with K2

S ă0. (i) if S minimal, PnpSq”h0pKbn
S q“0 @nPZ`

(ii) D effective divisor D on S with KS ¨Dă0

Prp 1,2: S“ minimal projective surface with K2

S ă0 ùñ generic fiber of rΨp : SÝÑΣ is P1 (Mon)

Proof of (i). Suppose nPZ` and nKS „
ÿ

i

miCi with mi PZ`, Ci ĂS irred.

K2

S ą0 ùñ KS ¨Ci ă0 for some i

0ąKS ¨Ci “
ÿ

j‰i

mjpCj ¨Ciq`miC
2

i ,
ÿ

ě0 ùñ C2
i ă0 ù impossible (S is minimal)

Note (HW5 #2): S“ min. proj. surf., D effective D on S with KS ¨Dă0 ùñ PnpSq“0 @nPZ`

Proof of (ii). H1,1pS;ZqbH1,1pS;ZqÝÑZ, αbβÝÑ
ş
S
αβ, has pos. eigenvalue

K2

S ă0 ùñ D divisor D1 on S s.t. KS ¨D1 “0, D12 ą0

Riemann-Roch ùñ h0pnD1q`h0pKS´nD1qěχpnD1q“χpOSq`
1

2
pn2D12´KS ¨nD1q

ùñ @ n large, nD1 or KS´nD1 is effective

if KS´nD1 is effective, take D“KS´nD1 ùñ KS ¨D“K2

S ă0
if nD1 is effective, take D“KS`nD1 ùñ h2pKS`nD1q“h0p´nD1q“0

Riemann-Roch ùñ h0pDqěχpDq“χpOSq`
1

2
pn2D12`KS ¨nD1qą0 if n is large
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Recap: S“ minimal projective surface

1
q q

pg 1`b´
2

pg
q q

1

PnpSq”h0pnKSq, P1pSq“pgpSq

Thm 1: P2pSq, qpSq“0 ðñ S is rational
ðñ S“P

2 or S“Fk ”P
`
OP1 ‘OP1pkq

˘
with k“0, 2, 3, . . .

ùñ κpSq“´8 (i.e. PnpSq“0 @nPZ`), χpSqą0, K2

S ą0

Thm 2: χpSqă0 ðñ K2

S ă0 ðñ S is irrational ruled with qpSqě2
ðñ S“PE for some rk 2 holomor. v.b. EÝÑΣg

Σg “ Riemann surf. of genus gě2
ùñ κpSq“´8

S“ minimal projective surface

Thm 3: χpSq,K2

S ě0 and S is not rational or ruled ùñ either P4pSq‰0 or P6pSq‰0
Crl 1: κpSq“´8 ðñ S“P

2 or S“PE for some rk 2 holomor. v.b. EÝÑΣ
Σ“ cmpt conn. Riemann surf., EffOP1pkq‘OP1pk`1q @ kPZ

ðñ P4pSq, P6pSq“0

Note: D non-projective minimal C-surfaces with κpSq“´8, e.g. Hopf surfaces S«S1ˆS3looooooooooooooomooooooooooooooon
c1pSq“0, nKSffOS @n‰0

see Barth-Hulek-Peters-van de Ven, p244

Lemma: χpSq,K2

S ě0 and S is not rational ùñ either P4pSq‰0, or P6pSq‰0,
or χpSq,K2

S “0, qpSq“1

Proof. Can assume P1pSq“0 ùñ 1´q“χpOSq“ 1

12

`
χpSq`K2

S

˘
ě0 ùñ qPt0, 1u

q“0, S not rational ùñ P2pSq‰0 by Thm 1
q“1 ùñ χpSq,K2

S “0 ùñ h1,1pSq“2

Prp 3: S“ minimal projective surface with qpSq“1, P2pSq“0, and χpSq“0 (ðñ K2

S “0).
If S is not ruled, D holomor. π : SÝÑP

1 s.t. π´1pλq is smooth of genus 1 for generic λPP1

(S is elliptic with base P
1).

generic fiber E of π is smooth conn., gpEq“1
qpSq“1 ùñ Albanese map rΨp “Ψp : SÝÑΣ“ ImΨp “AlbpSq«T

2, generic fiber F of Ψp is smooth

Prp 1(iii) ùñ all fibers of rΨp are connected S is not ruled ùñ gpF qě1

T
2

S

Ψp

F π
P
10“χpSq “ χpP1qχpEq`pcontr. from singular fibers of π)

“ χpT2qχpF q`pcontr. from singular fibers of Ψp)
fibers conn. ùñ contrě0 ùñ contr“0

ùñ all fibers are smooth of same genus
but could be multiple if of genus 1 (e.g. for π)

Prp 3 ` Crl 3 ùñ Thm 3
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Dfn. C-surface S is elliptic if D holomor. π : SÝÑΣg, where Σg “ Riemann surf. of genus g,
s.t. Eλ ”π´1pλq is smooth of genus 1 for generic λPΣg.

Non-generic fibers could be singular and/or multiple.

Σg

S

π

Eλ “mλEλ

E1

E2

E3

Eλ0T
2

λ

G&H pp569-72: if all multiple fibers are irred., then

KS “ π˚L`
ÿ

λPΣ

pmλ´1qEλ

where Eλ ”mλEλ, Eλ ĂS irred. curve
LÝÑΣ holomor. l.b., degL“2pg´1q`χpOSq

follows from failure of exactness of 0ÝÑTS_ ÝÑTS
dπ

ÝÑ π˚TΣÝÑ0
need only when all fibers are irred.

mλEλ “Eλ ”π˚OΣpλq ùñ if mλ|n @λPΣ, then

nKS “ π˚rL with rL “ nL `
ÿ

λPΣ

OΣ

`
pn{mλqpmλ´1qλ

˘
ÝÑ Σ,

deg rL “ n

ˆ
2pg´1q`χpOSq`

ÿ

λ

mλ´1

mλ

˙
” n δpSq.

Crl 2: PnpSq”h0pnKSq

$
’&
’%

Opnq, if δpSqą0, mλ|n @λPΣ;

ď 1, if δpSq“0;

0, if δpSqă0.

E.g. π : SÝÑΣg elliptic with χpOSq“0

g“0 PnpSq‰0 for some n ùñ δpSq“´2`
ÿ

λPP1

mλ´1

mλ

ě0 ùñ # multiple fibers (mλ ě3) ě 3

ùñ 4KS or 6KS is effective
e.g. #“3, m1,m2,m3 ě3 ùñ 3KS “

ÿ

i

pmi´3qEi is effective

g“1 # multiple fibers ě1 ùñ P2pSq‰0:

2KS “
`
2π˚L`

ÿ

i

miEi

˘
`
ÿ

i

pmi´2qEi ” π˚rL`
ÿ

i

pmi´2qEi

rL“2L`
ÿ

i

λi, degL“0 ùñ deg rLą0 ùñ h0prLq‰0 ùñ k0p2KSq‰0

T
2

S

Ψp

F π
P
1

Crl 3: SÝÑP
1 minimal projective elliptic surface with χpSq“0, pgpSq“0, qpSq“1.

If S is not ruled, then P4pSq‰0 or P6pSq‰0.

every fiber E of π is smooth conn., gpEq“1
every fiber F of Ψp is smooth conn., gpF qě1

Proof. SÝÑP
1 elliptic, all fibers irred., χpOSq“0

ùñ KS “π˚L`
ÿ

λ

pmλ´1qEλ, degL“´2

π : F ÝÑP
1 k :1 for some kPZ` ùñ Eλ ¨F “k{mλ b/c mλEλ “Eλ ”π˚OP1p1q

ùñ 0ď2pgpF q́ 1q“degKF “KS¨F “k

ˆ
2́̀

ÿ

λ

mλ´1

mλ

˙
“k δpSq

g“0 ùñ P4pSq‰0 or P6pSq‰0.
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Prp 3: S“ minimal projective surface with qpSq“1, P2pSq“0, and χpSq“0 (ðñ K2

S “0).
If S is not ruled, D holomor. π : SÝÑP

1 s.t. π´1pλq is smooth of genus 1 for generic λPP1

(S is elliptic with base P
1).

Lemma: S“ projective surface s.t. KS ¨Cě0 and gp rCqě1 for all irred. curves CĂS.

If E”
ÿ

i

miEi is an effective divisor on S s.t. E2,KS ¨E“0,

then Ei is smooth of genus 1, E2
i ,KS ¨Ei “0, and EiXEj “H for all i‰j.

Proof. KS ¨E“0, KS ¨Ei ě0 @ i ùñ KS ¨Ei “0 @ i

E2 “0, 1ďgp rEiqďapEiq“1`
1

2

`
E2

i `KS ¨Ei

˘
@ i ùñ 1“gp rEiq“apEiq @ i, EiXEj “H @ i‰j

ùñ Ei “ rEi is smooth of genus 1 @ i

Proof of Prp 3. qpSq“1, χpSq“0, Prp 1(iii) ùñ all fibers F of Ψp : SÝÑAlbpSq«T
2

are conn. smooth of same genus
S not ruled ùñ gpF qě1 ùñ gp rCqě1 for all irred. curves CĂS

K2

S “0, Prp 1(iv) ùñ KS ¨Cě0 for all irred. curves CĂS

Claim. D a pencil tEλuλPP1 of curves on S s.t. (i) E2

λ,KS ¨Eλ “0 (ii) F ¨Eλ ą0 (iii) E0XE8 “H

(i) ` Lemma ùñ each Eλ splits into disjoint T2

(iii) ùñ π : SÝÑP
1, Eλ QxÝÑλ, is well-defined, holomor.

(ii) ùñ (iv) π : F ÝÑP
1 is a branch cover

Lemma 0 on 04/27 ùñ D branch cover σ : rΣÝÑP
1 and holomor. rπ : SÝÑ rΣ

s.t. π“rπ˝σ and rπ´1przq is conn. @ rλP rΣ.
rΣ“

 
connected components of Eλ with λPP1

(
.

If ηPH0pKrΣq´t0u, rπ˚η|TF ı0 b/c of (iv); impossible b/c ω|TF ”0 @ωPH0pT ˚Sq

ùñ rπ : SÝÑ rΣ“P
1 is a fibration with all fibers smooth, conn., of genus 1.

Crl 4. S“ minimal projective surface. κpSq“0, 1 ùñ χpSqě0, K2

S “0
κpSq“0 ùñ either (a) ppgpSq, qpSqq“p0, 0q ùñ KS ‰OS , 2KS “OS (Enriques surface)

(b) ppgpSq, qpSqq“p0, 1q ùñ SÝÑP
1 is elliptic with smooth fibers

(c) ppgpSq, qpSqq“p1, 0q ùñ KS “OS (K3 surface)
(d) ppgpSq, qpSqq“p1, 1q ùñ impossible (G&H p585)
(e) ppgpSq, qpSqq“p1, 2q ùñ S«T

2 abelian surface (G&H p583-4)

Partial proof. κpSqě0 ` Thm 2 ùñ χpSq,K2

S ě0

κpSq“0, 1 ` h0pnKSq`h0p´pn´1qKSqěχpnKSq“χpOSq`

ˆ
n

2

˙
K2

S ùñ K2

S “0

κpSq“0 ùñ th0pnKSq : nPZ`u“t0, 1u ùñ ppgpSq, qpSqqPtp0, 0q, p0, 1q, p1, 0q, p1, 1q, p1, 2qu
ppgpSq, h0p2KSq, h0p6KSqq“p0, 1, 1q ùñ h0p3KSq“0
pκpSq, qpSqq“p0`, 0q ` Thm 1 ùñ h0p2KSq‰0
pκpSq, pgpSq, qpSqq“p0`, 0, 0q ` h0p3KSq`h0p´2KSqěχp3KSq“χpOSq“1

ùñ KS ffOS , h
0p˘2KSq‰0 ùñ 2KS «OS

pκpSq, pgpSq, qpSqq“p0, 0, 1q ` pf of Prp 3 ùñ SÝÑP
1 is elliptic with smooth fibers (only)

pκpSq, pgpSq, qpSqq“p0, 1, 0q ` h0p2KSq`h0p´KSqěχp2KSq“χpOSq“2 ùñ h0p´KSq‰0
ùñ KS «OS
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Proof of Claim

(1) D curve EĂS satisfying (i) and (ii) with Eλ “E

gpF qě2: comes from the linear system |2KS`Fz´Fz0 | for some zPT2 depending on z0 PT2 fixed

KS ¨F “2pgpF q´1qą0 ùñ h0p´nKSq“0 @nPZ` ùñ h0p2KS`Fzqěχp2KS`Fzq“3g´3 @ zPT2

Fix z0 PT2. Exact sequence

0 ÝÑ OS

`
2KS`Fz´Fz0

˘
ÝÑ OS

`
2KS`Fz

˘
ÝÑ OS

`
2KS`Fz

˘ˇ̌
Fz0

“OFz0

`
2KFz0

˘ˇ̌
Fz0

ÝÑ 0

of sheaves over S gives exact sequence

H0
`
2KS`Fz´Fz0

˘
ÝÑ H0

`
2KS`Fz

˘
looooooomooooooon

dimě3g´3

rzÝÑ H0
`
2KFz0

˘
looooomooooon
dim“3g´3

If rz is not injective for some z, then h0p2KS`Fz´Fz0q‰0 as needed.

If rz is isomorphism for all z, fix DP|2KFz0
| ùñ @ zPT2, D! Dz P|2KS`Fz| s.t. DzXFz0 “D.

Dz ‰Dz1 for z, z1 PT2 generic ùñ tpz, pqPT2ˆS : Dz QpuÝÑS is onto
Take any pPFz0´D, zPT2 s.t. pPDz ùñ DzXFz0´D‰H ùñ Fz0 ĂDz ùñ rz is not injective.

gpF q“1: P2pSq“0, g“1 ùñ Ψp has no multiple fibers ùñ rKSs“0PH2pS;Zq

Take curve H ĂS s.t. m”F ¨H ą0. For zPT2, let Dz ”tpPFz : mp„HXFz on Fzu.
Fz ÝÑPic0pFzq«Fz, pÝÑrmp´mp0s unbranched m2 :1 cover ùñ Dz consists of m2 distinct pts

ùñ E”
ď

zPT2

Dz ÝÑT
2 is unbranched m2 :1 cover ùñ every component Ei ĂE is smooth of genus 1

rKSs“0PH2pS;Zq ùñ KS ¨Ei ùñ E2
i “0

(2) D curve E1 ĂS´E satisfying (i) and (ii) with Eλ “E1

KS ¨F “2pgpF q´1qě0, E¨F ą0 ùñ (a) h2pnKS`pn´1qEq“h0p´pn´1qKS´pn´1qEq“0 @ně2
ùñ (b) h2pnKS`nEq“h0p´pn´1qKS´nEq“0 @ně2

E smooth of genus 1 ùñ pnKS`nEq|E “nKE ”OE

Exact sequence

0 ÝÑ OS

`
nKS`pn´1qE

˘
ÝÑ OS

`
nKS`nE

˘
ÝÑ OS

`
nKS`nE

˘ˇ̌
E

“OE ÝÑ 0

of sheaves over S gives exact sequence

H1
`
nKS`nE

˘
ÝÑ H1

`
OE

˘
looomooon
dim“1

ÝÑ H2
`
nKS`pn´1qE

˘

(a) ùñ (c) h1pnKS`nEqě1 (b) ` (c) ùñ h0pnKS`nEqěχpnKS`nEq`1“1
ùñ D effective E2 „2pKS`Eq and E3 „3pKS`Eq
If E2 “m2E and E3 “m3E with m2,m3 PZ, then m2 ăm3 (b/c E2 ¨F ăE3 ¨F )

ùñ KS «pm3´m2´1q is effective ù impossible (b/c P1pSq“0)
ùñ E2 or E3 contains component E1 ‰E Lemma ùñ E1 smooth of genus 1, E12,KS¨E1 “0
En ¨E“0, F ¨Eą0 ùñ E1XE“H, E1 ¨Eą0
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(3) 6 D irred. curves E,E1 ĂS s.t. EXE1 “H, E2, E12 “0, KS ¨E,KS ¨E1 “0, F ¨E,F ¨E1 ą0
KS ¨F “2pgpF q´1qě0, E ¨F,E1 ¨F ą0 ùñ (a) h2p2KS`E`E1q“h0p´KS´E´E1q“0

ùñ (b) h2p2KS`2E`2E1q“h0p´KS´2E´2E1q“0
Lemma ùñ E,E1 are smooth of genus 1 ùñ pKS`E`E1q|E\E1 “KE\E1 “OE\E1

Exact sequence

0 ÝÑ OS

`
2KS`E`E1

˘
ÝÑ OS

`
2pKS`E`E1q

˘
ÝÑ OS

`
2pKS`E`E1q

˘ˇ̌
E\E1

“OE‘OE1 ÝÑ 0

of sheaves over S gives exact sequence

H1
`
2pKS`E`E1q

˘
ÝÑ H1pOEq‘H1pOE1qlooooooooooomooooooooooon

dim“2

ÝÑ H2
`
2KS`E`E1

˘

(a) ùñ (c) h1p2pKS`E`E1qqě1 (b) ` (c) ùñ h0p2pKS`E`E1qqěχp2pKS`E`E1qq̀ 2“2
ùñ linear system |2pKS`E`E1q| contains a pencil tEλuλPP1 of curves on S satisfying (i), (ii)
Lemma ùñ base locus CĂS of tEλuλPP1 is a curve
Lemma ` F ¨Eλ ą0 ùñ Fz ĆEλ @ zPT2, λPP1

ùñ tEλ´CuλPP1 is a pencil satisfying (i)-(iii) with Eλ replaced by Eλ´C

Notes on Crl 4: κpSq“1 ùñ SÝÑΣ elliptic fibration (G&H p575)
pκpSq, pgpSq, qpSqq“p0, 0, 1q ùñ S“pE1ˆE2q{G with E1, E2 “ smooth elliptic curves

G“ finite group acting freely on E1ˆE2 (G&H pp585-8)
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