MAT 644: Complex Curves and Surfaces
Notes for 05/06/20

Last 2 times: irrational ruled surfaces

Dfn: C-surface S is ruled
if 4 cmpt conn Riemann surf. 3 and holomor. 7: §— %
s.t. 71 (2)~P! for all ze ¥ g
<= S=PF for some holomor. rk 2 v.b. E—3
= 7*: H(Ky)— H(T*S), n*n=mnodr, isom. = ¢(X)=h"0(S) 2
Also: x(S)=-4(g—1), K2=-8(g9—1)
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Lemma 0: S'= minimal projective surface.
If 3 cmpt conn Riemann surf. 3 and holomor. 7: §— 3%
s.t. 77 1(2) ~ P! for generic zeX, then S is ruled.

Thm: S= minimal projective surface.
If x(S) <0, or K§<0, or x(Og) <0, then S is irrational ruled (g=>2).

== [f S is a projective surface with either x(S) <0 or x(Og) <0
then S is a blowup of irrational ruled surface with g>2
b/c x(S) decreases, x(Og) unchanged under blowdown

L (W(S)+K2)

x(S) <0 and KZ<0 cases = x(Og)<0 case b/c of Noether's Formula, x(Og)= 13

x(S) <0 case done Wed; K2 <0 case almost done Mon

Main Tool: Albanese variety Alb(S) of S and Albanese map ¥,: S— Alb(S), pe S fixed

vy< S loop v~ f-:HO(T*S)—%C s feHO(T*S)*
gl g

As= {L-GHO(T*S)*: [fy]eHl(S;Z)/Tor} < HO(T*S)*

Claim: Agc HO(T*S)* is a lattice (= As®zR=H"(T*S)*); same pf as for curves

— (a) Alb(S)=H"(T*S)*/Ag ~ T2

/
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(b) VpesS, ¥,: S— Alb(S), \Iip(p/)zf e H(T*S)*/Ag, is well-defined holomor.

(c) if A20(S) =1 and Py(S)=h"(Kg)=0, Im¥,c Alb(S) is a curve:

if d,y ¥, is injective for p'e S, 3 weHO(A2 T*Alb )) W)y =Wy, () 0dy ¥p #0
(d) \I/p* Hl(S Z)/Tor— Hy(Alb(S); Z) =m1(S) =Ag is isom.
(e) WF: HO(T*Alb(S) — HO(T*S) is isom.



Prp 1: S= cmpt conn. C-surface. b))

If ImW, < Alb(S) is a curve with normalization 7 : Y—Im¥,, then ‘I’p/ .7 -
(i) h1O(S)=g(%) (ii) 3 \Il : §— 3 holomor. s.t. ¥, —wo\If o,
(iii) \I/pfl(z) is conn. VzeX S Im ¥, Alb(S5)

(iv) if S is minimal projective, K2 <0, and 3 effective D on S with Kg.D <0,
then W1 (z) P! for zeX generic (Lemma 0 = S is ruled).

proved Mon assuming Lemma below

Lemma 1: S= minimal projective surface s.t. ¥,,(S)c Alb(S) is a curve
¥ = normalization of ¥,(S), ¥,:S— ¥ lift of ¥,
If C'c S'is an irred. curve with Kg-C'<0 and [¥,,(C)|=1, then ¥, () ~P! for ze ¥, generic.

Proof. Suppose CCFZE\TJp_l(z) and FZZZ m; F; with m;eZ*, F;c S irred.
7
= Kg F;<0 for some 1, OZFZ-FizZ m;(F;-F;) +mEF?
J#i
if k=2, then Z >0 (b/c F, conn.) = F?<0 v impossible (S is minimal)
if k=1, then 0>Kg-F,=2(a(F,)—1) = a(F,)=0 R
= generic fiber of ¥, is P! O

Prp 2: S= projective surface with K2<0. (i) if S minimal, P,(S)=h"(K§")=0VneZ*
(ii) 3 effective divisor D on S with Kg-D <0

Prp 1,2: S = minimal projective surface with K% <0 == generic fiber of \T/p: S—3 is P! (Mon)

Proof of (i). Suppose neZ™* and nKS~Z m;C; with m;eZ™, C; < S irred.
KS>O = Kg-C; <0 for somei
0>Kg-Ci= ij C;-C;)+m;C? Z>O = (?<0 ~~ impossible (S is minimal) [
J#i

Note (HW5 #2): S= min. proj. surf., 3 effective D on S with Kg-D<0 = P,(S)=0VneZ"

Proof of (ii). H'Y(S;Z)QHY'(S;Z) — 7, a®[3’—>SS a3, has pos. eigenvalue
K%<0 = 3divisor D' on S s.t. Kg-D'=0, D”?>0

Riemann-Roch = h(nD")+h’(Kg—nD")=x(nD')=x(0s)+ 2( n?D"?—Kg-nD')
= V n large, nD’ or Kg—nD' is effective
if Kg—nD' is effective, take D=Kg—nD' = Kg-D=K2%<0
if nD’ is effective, take D=Kg+nD' = h?*(Kg+nD')=h"(—nD’)=0
1
Riemann-Roch =— h%(D)>x(D) =X((’)S)~I—§(n2D’2~I—KS-nD') >0 if n is large O



q q
Recap: S= minimal projective surface  p, 1+b;, py P,(S)=h"(nKs), Pi(S)=py(S)
q q
1
Thm 1: P»(S),q(S)=0 <= S is rational
= S=P? or S=F,=P(Op®Op: (k)) with k=0,2,3,...
= K(9)=—w (i.e. P,(9)=0VneZ"), x(5)>0, KZ>0

Thm 2: x(5)<0 < K2<0 <= S is irrational ruled with ¢(S)>2
<= S=PF for some rk 2 holomor. v.b. E— 3%,
¥, = Riemann surf. of genus g=>2
= k(S)=—-o

S = minimal projective surface

Thm 3: x(S), K%>0 and S is not rational or ruled = either Py(S)#0 or Ps(S)#0
Crl 1: x(S)=-w <= S=P? or S=PFE for some rk 2 holomor. v.b. E— ¥
Y= cmpt conn. Riemann surf., E#% Op1 (k)®Op1 (k+1) VEkeZ
— Py(8), P5(S)=0

Note: 3 non-projective minimal C-surfaces with x(S)=—o0, e.g. Hopf surfaces S~ S' x §3

c1(5)=0, nI};%OSVn¢O
see Barth-Hulek-Peters-van de Ven, p244

Lemma: x(S), KZ2>0 and S is not rational = either Py(S)#0, or Ps(S)#0,
or x(5), K§=0, ¢(S)=1

Proof. Can assume Py(S)=0 = 1—¢=x(0g)=%(x(S)+K2%)>0 = ¢e{0,1}
g=0, S not rational = P5(S)#0 by Thm 1
a=1 — x($).K2=0 — hbi(s)=2 m

Prp 3: S= minimal projective surface with ¢(S)=1, P,(S)=0, and x(S)=0 (<= K2=0).
If S is not ruled, 3 holomor. 7: S —P! s.t. 771()\) is smooth of genus 1 for generic AeP*
(S is elliptic with base P*).
generic fiber F of 7 is smooth conn., g(E)=1
q(S)=1 = Albanese map \Tip =VU,: S— X =ImV, = Alb(S) ~T?, generic fiber F of ¥, is smooth
Prp 1(iii) = all fibers of \T/p are connected S is not ruled = ¢g(F)>1
0=x(S) = x(P')x(E)+ (contr. from singular fibers of 7) i s —=
= x(T?)x(F)+ (contr. from singular fibers of ¥,,)
fibers conn. == contr>0 = contr=0
= all fibers are smooth of same genus
but could be multiple if of genus 1 (e.g. for )

Pl
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Prp3+ Crl 3 = Thm 3



Difn. C-surface S is elliptic if 3 holomor. 7: § —%,, where ¥, = Riemann surf. of genus g,
s.t. Ex=7"1(\) is smooth of genus 1 for generic AeX,.
Non-generic fibers could be singular and/or multiple.

G&H ppb69-72: if all multiple fibers are irred., then T2 E)\,
KSZW*L—FZ(mA—l)EA S Ey
AEX Es
_ T
where Ex=m)FE), E,cS irred. curve Es
L— holomor. L.b., degL=2(g—1)+x(Os) ¥y o
A

follows from failure of exactness of 0—TSY — TS dr, 7Y —0
need only when all fibers are irred.

myEy=E\=1*0x()\) = if my|n Y \eX, then

nKg = m*L with L=nL+ Z(’)g (n/my)(ma—1)A) — X,
AeX

~ -1
deg L = n<2(g—1)+x((95)+2 e
)

o~ > =nd(9).
O(n), if 0(S)>0, myln Y Ae¥;

Crl 2: P,(S)=hr"(nKg) {<1, ifd(S)=
0, if 6(S) <0

E.g. m:S— %, elliptic with x(Og)=

PH(S);éOfor some n = 40(5)=-2+ Z

AeP!

>0 — # multiple fibers (m)>3) >3

= 4Kg or 6Ky is effective
e.g. #£=3, my,mg,m3=3 = SKg:Z(mi—?))Fi is effective

# multiple fibers >1 = P»(S)#0: '

2Kg= 27T*L+Z miE +Z m;—2)E; = W*E+Z

L=2L+) X, degL 0 = deglL>0 —> hO( )£0 — KO(2Kg)#0

i

Crl 3: S— P! minimal projective elliptic surface with x(5)=0, p,(S)=0, ¢(S)=1.
If S is not ruled, then Py(S)#0 or Ps(S)#0. F -

S P!
every fiber E of 7 is smooth conn., g(F)=
every fiber F' of ¥, is smooth conn., g(F)> 1 v,
Proof. S— P! elliptic, all fibers irred., x(Og) = T2
— KSZTF*LJrZ(m)\*l)E)\, degL=—2
A
7: F—Pl k:1 for some keZT = E\-F =k/my b/c myEyx=E\=7*Op1(1)
—1
— 0<2(9(F)—1):dengsz-F=k<—2+Z i) >=k5(5)
mx

= P4(S)#0 or Ps(S) #0. O

4



Prp 3: S= minimal projective surface with ¢(S)=1, P,(S)=0, and x(S)=0 (< K%=0).
If S is not ruled, 3 holomor. 7: S — P! s.t. 771(\) is smooth of genus 1 for generic AeP!
(S is elliptic with base P).
Lemma: S = projective surface s.t. Kg-C'>0 and g(é’) >1 for all irred. curves C'c S.
If E=) m;E; is an effective divisor on S s.t. E?, Kg-E=0,

1
then E; is smooth of genus 1, Ef,KS-Eizo, and E;nEj = for all i# .

Proof. Kg-E=0, Kg-E; >0V 1 :> Kg-E;=0VY 1
:O,1<g(§i)<a(E)—1+2(E2+Kg E)Vi=1=g(E)=a(E) Yi, BEinE;=@ Y i#j
— Eizf?i is smooth of genus 1 V ¢ O

Proof of Prp 3. q(S)=1, x(S)=0, Prp 1(iii) = all fibers F of ¥,,: S— Alb(S)~T?
are conn. smooth of same genus
S not ruled = g(F)=1 = ¢(C)>1 for all irred. curves Cc S
K%=0, Prp 1(iv) = Kg-C >0 for all irred. curves C =S

Claim. 3 a pencil {E)} cp1 of curves on S s.t. (i) E3, Kg-Ex=0 (ii) F-Ex>0 (iii) EgynEyp =

(i) + Lemma == each E) splits into disjoint T?
(iii) = 7: S—P!, E\32x— ), is well-defined, holomor.
(i) = (v)m: F —>IP>1 is a branch cover
Lemma 0 on 04/27 = 3 branch cover o: S —P! and holomor. 7: S —3
s.t. T=%oc and ¥ 1(2) is conn. V AeX.
¥ = {connected components of Ey with )\EIP’l}.
If ne HY(K)—{0}, #*n|rp#0 b/c of (iv); impossible b/c w|pp=0 Ywe HO(T*S)

— %: §—> 3 =P! is a fibration with all fibers smooth, conn., of genus 1. O
Crl 4. S = minimal projective surface. k(S)=0,1 = x(S)=0, ngO
k(S)=0 = either (a) (py(S5),¢(5))=(0,0) = Kg+#Og, 2K5=0gs (Enriques surface)
(b) (pg(S),q(S)=(0,1) = S—P! is elliptic with smooth fibers
(c) (pg(S),q(S)=(1,0) = Kg=0g (K3 surface)
(d) (pg(S),q(S)=(1,1) = impossible (G&H p585)
() (pg(9),q(S)=(1,2) = S~T? abelian surface (G&H p583-4)

Partial proof. k(S)>0 + Thm 2 = x(S),K%>0
k(S)=0,1 + h’(nKg)+h°(— (n—1)KS)>X(nKS)=X(OS)+(Z)Kg — K2%=0

W(nKs): neZt}={0,1} — (py(S), a(S){(0,0), (0,1),(1,0), (1,1), (1,2)}
96Ks)=(0,1,1) = h°(3Ks)=0
)+ Thm 1 = h°(2Ks)#0
(04,0,0) + hP(3Kgs)+h°(—2K5)=x(3Ks)=x(0s) =1
— Kg#0g, h%(+2K5)#0 — 2Kg~0Os
0,1) + pf of Prp 3 = S——P! is elliptic with smooth fibers (only)
1,0) + h%(2Ks) +h%(—Ks) > x(2Ks) =x(0s) =2 = h"(~Kg)#0
= Kg~Og

F
[

0
):pg(5),4(5) = (0,



Proof of Claim
(1) 3 curve Ec S satisfying (i) and (ii) with Ey=F
g(F)>=2: comes from the linear system |2Kg+ F, — F,,| for some zeT? depending on zoeT? fixed
Ks-F=2(g(F)—1)>0 = h%(—nKg)=0VYneZ* = h°(2Ks+F.)>x(2Ks+F,)=3g—3 ¥ ze T?

Fix zpeT?. Exact sequence

0— Og(2Kg+F.—F,) — Os(2Ks+F.) — OS(2K5+FZ)]FZO =O0r,, (2KF.,)

— 0

F;,

of sheaves over S gives exact sequence

H°(2Ks+F.—F,,) — H°(2Ks+F.) = H°(2Kp, )
dim>3g—3 dim=3g—3

If 7, is not injective for some z, then h®(2Kg+ F, — F,,) #0 as needed.
If r, is isomorphism for all z, fix D€|2KFZO| = V2eT? 3! D,e|2Ks+F,| s.t. D,nF,,=D.

D, +# D, for z,2'€T? generic = {(2,p)eT?xS: D,3p}—> S is onto
Take any pe F,,—D, 2eT? s.t. peD, =— D.,nF,—D#J =— F,,cD, = r, is not injective.

g(F)=1: P»(S)=0, — ¥, has no multiple fibers = [Kg]=0e H%(S;Z)

Take curve Hc S s.t. m=F-H>0. For zeT?, let D,={peF,: mp~HAnF, on F.}.

F, —>PicO(Fz) ~ F,, p—> [mp—mpo] unbranched m?:1 cover == D, consists of m? distinct pts
= k= UDz —T? is unbranched m?2:1 cover —> every component E;c E is smooth of genus 1

2eT?

[Ks]=0€eH?(S;Z) = Ks-E;, = FE?=0 O

(2) 3 curve E' c S—F satistying (i) and (ii) with E\=FE’

Ks-F=2(g(F)-1)>0, E-F>0 = (a) h*(nKg+(n—1)E)=h°(—(n—-1)Ks—(n—1)E)=0Vn=>2
— (b) W?2(nKs+nE)=h%(—(n—1)Ks—nE)=0VYn>2
E smooth of genus 1 = (nKg+nFE)|p=nKgp=0g

Exact sequence
0 — Og(nKs+(n—1)E) — Og(nKs+nE) — Og(nKs+nE)|,=0p — 0
of sheaves over S gives exact sequence

H'(nKs+nE) — H'(Op) — H*(nKs+(n—1)E)
—_——
dim=1
(a) = (c) h'(nKg+nE)>1 (b) + (c) = Rh'(nKs+nE)=x(nKs+nE)+1=1
— 3 effective Ex~2(Kg+FE) and E3~3(Ks+E)
If Eo=mgFE and E3=mg3E with mgy, m3€Z, then ma<mg (b/c Ey-F <FE3-F)
= Kg~(mg—my—1) is effective > impossible (b/c P;(S)=0)
= F or E3 contains component £’ # F Lemma —> E’ smooth of genus 1, E?, Kg-E' =0
E, E=0, F-E>0 — E'nE=, E-E>0 O



(3) .. irred. curves B, E'cS st. EnE'=@, E? E?=0, Ks-E,Ks-E'=0, F-E,F-E'>0

Ks-F=2(g(F)-1)>0, E-F,E'""F>0 = (a) h’(QKs+E+FE)=h"(-Ks—E—E")=0
= (b) h?(2Kg+2E+2E")=h°(—Kg—2E—2E')=0

Lemma = FE, E’ are smooth of genus 1 = (Ks+E+F)|pop=Kp.pr=0p_p

Exact sequence

0— 05(2KS+E+E/) — 05(2(K3+E+E/)) — Os(Q(Ks-I-E-i-E/)) =0p®0p — 0

|EuE’
of sheaves over S gives exact sequence

H'(2(Ks+E+E") — H'(Op)®H" (Op) — H?*(2Ks+E+E')

~
dim=2

(a) = (c) h'(2(Ks+E+E")>1 () + (¢) = hO(2(Ks+E+E") = x(2(Ks+E+E")+2=2
= linear system |2(Kg+ E+E’)| contains a pencil {E)}\ep1 of curves on S satisfying (i), (ii)
Lemma = base locus C'c S of {E\},ep1 is a curve
Lemma + F-E\>0 — F,¢E) YzeT? \eP!

= {E)\—C} \ep is a pencil satisfying (i)-(iii) with E) replaced by Ex—C' O

Notes on Crl 4: k(S)=1 = S— X elliptic fibration (G&H p575)
(k(S),pg(S),q(S5)=(0,0,1) = S=(FE;xE)/G with E}, E; = smooth elliptic curves
G = finite group acting freely on Fq x By (G&H pp585-8)



