
MAT 644: Complex Curves and Surfaces
Notes for 05/04/20

Last time: detecting irrational ruled surfaces
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Dfn: C-surface S is ruled
if D cmpt conn Riemann surf. Σ and holomor. π : SÝÑΣ

s.t. π´1pzq«P
1 for all zPΣ

ðñ S“PE for some holomor. rk 2 v.b. EÝÑΣ
ùñ π˚ : H0pKΣqÝÑH0pT ˚Sq, π˚η“η˝dπ, isom.
ùñ gpΣq“h1,0pSq

Also: χpSq“´4pg´1q, K2

S “´8pg´1q

Thm 1: S“ minimal projective surface, χpSqă0 ùñ S is irrational ruled (gą2)

Lemma 1: S“ minimal projective surface.
If D cmpt conn Riemann surf. Σ and holomor. π : SÝÑΣ

s.t. π´1pzq«P
1 for generic zPΣ, then S is ruled.

Lemma 2: S“ minimal projective surface.
If χpSqă0 and D ω1, ω2 PH0pT ˚Sq lin. indep. s.t. ω1^ω2 PH0pKSq,
then S is irrational ruled (gą2)

Used map Ψ: U ÝÑC
2, Ψpp1q“

ˆ ż p1

p

ω1,

ż p1

p

ω2

˙
pPU , U ĂS small open set;

ż p1

p

along path in U

Ψ globally depends on the choice of path; well-defined up to

Λ ”

"ˆ ż

γ

ω1,

ż

γ

ω2

˙
: γ PH1pS;Zq

*
Ă C subgroup

ùñ Ψ: SÝÑC
2{Λ«T

4 (if Λ is a lattice) ù analogue of Abel-Jacobi map for S

γĂS loop ù

ż

γ

¨ : H0pT ˚SqÝÑC ù

ż

γ

¨ PH0pT ˚Sq˚

ΛS ”

" ż

γ

¨PH0pT ˚Sq˚ : rγsPH1pS;Zq{Tor

*
Ă H0pT ˚Sq˚

Claim: ΛS ĂH0pT ˚Sq˚ is a lattice (ðñ ΛSbZR“H0pT ˚Sq˚); same pf as for curves

ùñ (a) AlbpSq”H0pT ˚Sq˚{ΛS « T
2h1,0pSq

(b) @ pPS, Ψp : SÝÑAlbpSq, Ψppp1q“

ż p1

p

¨ P H0pT ˚Sq˚{ΛS , is well-defined holomor.

(c) if h1,0pSqě1 and P1pSq”h0pKSq“0, ImΨp ĂAlbpSq is a curve:
if dp1Ψp is injective for p1 PS, D ωPH0

`
Λ2pT ˚AlbpSqq

˘
s.t. pΨ˚

pωqp1 ”ωΨppp1q˝dp1Ψp ‰0
(d) Ψp˚ : H1pS;Zq{TorÝÑH1pAlbpSq;Zq“π1pSq“ΛS is isom.
(e) Ψ˚

p : H0pT ˚AlbpSqqÝÑH0pT ˚Sq is isom.



Crl 1(Wed): S“ projective surface. If χpSqă0, then h1,0pSqě2.

Crl 2 (Wed): S“ (minimal) projective surface with χpSqă0.
If ω1, ω2 PH0pT ˚Sq, then ω1̂ ω2 “0PH0pKSq.

Part of pf of Lemma 3 on Wed; consequence of Lemma 2.

Crl 1,2 ùñ Thm 1

Thm 2: S“ minimal projective surface, K2

S ă0 ùñ S is irrational ruled (gą2)

Prp 1: S“ cmpt conn. C-surface.
If ImΨp ĂAlbpSq is a curve with normalization π : ΣÝÑ ImΨp, then

(i) h1,0pSq“gpΣq (ii) D rΨp : SÝÑΣ holomor. s.t. Ψp “π˝ rΨp

(iii) rΨ´1
p pzq is conn. @ zPΣ

(iv) if S is minimal projective, K2

S ď0, and D effective D on S with KS¨Dă0,

then rΨ´1
p pzq«P

1 for zPΣ generic.

Σ

π

��

H0pKΣq

rΨ˚
p

��
S

Ψp //

rΨp

==⑤
⑤

⑤
⑤

⑤
ImΨp

�

� // AlbpSq H0pT ˚AlbpSqq

π˚

77♦♦♦♦♦♦♦♦♦♦♦♦
Ψ

˚
p

«
// H0pT ˚Sq

Prp 2: S“ projective surface with K2

S ă0. (i) if S minimal, PnpSq”h0pKbn
S q“0 @nPZ`

(ii) D effective divisor D on S with KS ¨Dă0

Proof of Thm 2. Prp 2(i) ùñ P2pSq“0.
If h1,0pSq“0, S is rational by Castelnuovo-Enriques ùñ K2

S Pt8, 9u impossible.
6 h1,0pSqě1, P1pSq“0 ùñ ImΨp ĂAlbpSq is a curve

Prp 1,2(ii) ùñ generic fiber of rΨp : SÝÑΣ is P1

S minimal ùñ rΨp : SÝÑΣ is a P
1-bundle (by Lemma 1).

Proof of Prp 1. (ii) Let AĂ ImΨp be the set of singular pts ùñ Ψ´1
p pAqĂS divisor

D rΨp : S´Ψ´1
p pAqÝÑΣ holomor. s.t. Ψp “π˝ rΨp on S´Ψ´1

p pAq
rΨp is bounded around each pt of Ψ´1

p pAq (b/c Ψp maps to AlbpSq) ùñ rΨp extends

(i) Ψ˚
p : H

0pT ˚AlbpSqqÝÑH0pT ˚Sq isom ùñ rΨ˚
p onto

rΨp onto ùñ rΨ˚
p injective ùñ h1,0pSq“gpΣq
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(iii) Lemma 0 (Wed) ùñ D branch cover σ : rΣÝÑΣ and holomor. rΨ1
p : SÝÑ rΣ

s.t. rΨp “ rΨ1
p˝σ and rΨ1´1

p przq is conn. @ rzP rΣ.
rΨ1
p onto ùñ rΨ1˚

p : H0pKrΣqÝÑH0pT ˚Sq injective

ùñ gpΣqďgprΣqďh1,0pSq“gpΣq ùñ σ is bijection or h1,0pSq“1 and

H1pS;Zq{Tor
rΨ1
p˚ //

«

Ψp˚

22
H1prΣ“T

2;Zq
σ˚ // H1pΣ“T

2;Zq
π˚ // H1pAlbpSq;Zq ùñ σ is bijection
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Lemma: S“ minimal projective surface s.t. ΨppSqĂAlbpSq is a curve

Σ“ normalization of ΨppSq, rΨp : SÝÑΣ lift of Ψp

If CĂS is an irred. curve with KS¨Că0 and |rΨppCq|“1, then rΨ´1
p pzq«P

1 for zPΣ generic.

Proof. Suppose CĂFz ” rΨ´1
p pzq and Fz “

ÿ

i

miFi with mi PZ`, Fi ĂS irred.

ùñ KS ¨Fi ă0 for some i, 0“Fz ¨Fi “
ÿ

j‰i

mjpFj ¨Fiq `F 2

i

if kě2, then
ÿ

ą 0 (b/c Fz conn.) ùñ F 2

i ă0 ù impossible (S is minimal)

if k“1, then 0ąKS ¨Fz “2papFzq´1qě0 ùñ apFzq“0
ùñ generic fiber of rΨp is P1

Prp 1: S“ cmpt conn. C-surface.
If ImΨp ĂAlbpSq is a curve with normalization π : ΣÝÑ ImΨp, then

(i) h1,0pSq“gpΣq (ii) D rΨp : SÝÑΣ holomor. s.t. Ψp “π˝ rΨp

(iii) rΨ´1
p pzq is conn. @ zPΣ

(iv) if S is minimal projective, K2

S ď0, and D effective D on S with KS¨Dă0,

then rΨ´1
p pzq«P

1 for zPΣ generic.
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Proof of (iv). Can assume DĂS irred. D ¨KS ă0 ùñ D2 ě0 (b/c S is minimal)
ùñ D ¨D1 ě0 for all effective D1 on S

ùñ DnPZě0 s.t. h0pD`nKSqě1, h0pD`pn`1qKSq“0

ùñ D`nKS „
ÿ

i

miCi with mi PZ`, Ci ĂS irred. curve

KS ¨Dă0, K2

S ď0 ùñ KS ¨pD`nKSqă0 ùñ KS ¨Ci ă0 for some i

h0pCì KSqďh0pD`nKS`KSq“0
6 Can assume D CĂS irred. curve s.t. KS ¨Că0, C2 ě0, h0pC`KSq“0

C2´2papCq´1q“´KS ¨Cą0, C ¨D1 ě0 for all effective D1 on S

Lemma ùñ can assume rΨp : CÝÑΣ is a k :1 branch cover, kPZ`

ùñ apCqěgp rCqěgpΣq“h1,0pSqě1, rCÝÑC is normalization of C
C2 “2papCq´1q´KS ¨Cą0

Exact sequence 0ÝÑKS ÝÑKSpCqÝÑKSpCq|C ÝÑ0 of sheaves over S gives exact sequence

t0u“H0
`
S;KSpCq

˘
ÝÑ H0pC;KSpCq|Cq“H0pC;KCq ÝÑ H1pS;KSq“H2,1pSq

ùñ apCq“h0pKCqďh2,1pCq“h1,0pCq ùñ apCq“gp rCq“gpΣq“h1,0pCqě1, C“ rC
ùñ either k“1 or gp rCq“h1,0pSq“1
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Fix z0 PΣ. For zPΣ, take Dz ”C`Fz´Fz0 ùñ C ¨pKS´Dzq“C ¨pKS´Cqă0
ùñ h0pKS´Dzq“0

ùñ h0pDzq ě χpDzq “ χpCq ě 1´h0,1pSq`
1

2
pC2´KS ¨Cq “ C2´2

`
gpCq´1

˘
ą 0

rCzs“rDzs“rCsPH2pS;Zq @ Cz „Dz ùñ CĆCz @ effective Cz „Dz with z‰z0

Suppose k“1 ùñ C“Σ, CzXF is k“1 pt @ effective Cz „Dz and fibers F of rΨp

CzXF ‰CXF @ effective Cz „Dz, z‰z0, and generic fibers F of rΨp

CzXF „DzXF „CXF as divisors on F (b/c FzXF, Fz0 XF “H)
ùñ F «P

1 (F contains two equivalent points)

Suppose gpCq“h1,0pSq“1 ùñ pΣ, z0q«pC{Λ, 0`Λq, d”C2 ą0, h0pDzqěd @ zPΣ
CĆCz @ effective Cz „Dz with z‰z0 ùñ H0pS;DzqÝÑH0pC;Dz|Cq injective
degDz|C “Dz ¨C“C2 “d, gpCqą0 ùñ h0pDz|Cqďd

ùñ dimH0pS;Dzq“d

Let p1, . . . , pd´1 PS be generic ùñ @ zPΣ generic, D! effective Cz „Dz s.t. Cz Qp1, . . . , pd´1

Σ˚ ĂΣ subset of these generic z

@ z, z1 PΣ˚ generic, CzXCz1 ´tp1, . . . , pd´1u consists of 1 pt pdpz, z1q
U ĂpΣ˚q2 of these generic pz, z1q

For zPΣ˚ and pz, z1q, pz, z2qPU generic, CzXFz1 CzXFz2 ùñ pdpz, z1q‰pdpz, z2q
ùñ for zPΣ˚ generic, tpdpz, z1q : pz, z1qPUuĂCz is dense
ùñ f tpdpz, z1q : pz, z1qPUuĂS is dense

For zPΣ˚, define Σ˚pzq“tz1 PΣ˚ : z´z1 PΣ˚, pz1, z´z1qPUu
fz : Σ

˚pzq{Z2 ÝÑS, fpz1q“pdpz1, z´z1q
S projective ùñ fz extends to fz : P

1 “Σ{Z2 ÝÑS

gpΣqą0 ùñ (a) Imfz is contained in a fiber of rΨp

f ùñ (b)
ď

zPΣ˚

Imfz Ă S is dense

generic fiber of rΨp is smooth ` (a) ` (b) ùñ generic fiber of rΨp is P1
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