
MAT 644: Complex Curves and Surfaces
Notes for 04/22/20
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1Last time: Ruled Surfaces

Dfn: C-mfld S is ruled if D holomor. π : SÝÑC s.t. π´1ppq«P
1 @ pPC

ùñ @ pPS, xc1pNSπ
´1ppqq, π´1ppqy“0 ùñ KS ¨π´1ppq“´2`0ă0

ùñ pnpSq”dimH0pS;KSq“0, κpSq“´8

Prp: if π : SÝÑP
1 is a projective ruled surface (and π is submersion),

then D kPZě0 s.t. S«PpOP1 ‘OP1pkqq”Fk (k-th Hirzebruch surface) as P1-bundles over P1.

Examples: F0 «P
1ˆP

1 (trivial), F1 «BlpP
2 (later)

Properties of Hirzebruch Surfaces π : Fk ”PpOP1 ‘OP1pkqqÝÑP
1 (last time)

(1) π1pFkq“t0u (2) Hodge diamond of Fk is

1
0 0

0 2 0
0 0

1

(21) tautological line bundle γ”
 

pℓ, vqPP1ˆC
2 : vPℓ

(
ÝÑP

1, ω”c1pγ˚qPH2pP1;Zq

tautological line bundle rγ”
 

prℓ, rvqPFkˆpOP1 ‘OP1pkqq : rvPrℓ
(

ÝÑFk, rω”c1prγ˚qPH2pFk;Zq

H˚pP1;Zqrrωs{prω2`krωq
«

ÝÑ H˚pFk;Zq, αrωi ÝÑ pπ˚αqYrωi,

isomorphism of graded algebras over H˚pP1;Zq

ω“PDP1ptPH2pP1;Zq, π submersion ùñ π˚ω“PDFk
F PH2pFk;Zq, F ”rπ´1ppqsPH2pFk;Zq

fiber class

Properties of Hirzebruch Surfaces π : Fk ”PpOP1 ‘OP1pkqqÝÑP
1 (more)

(3) PicpFkq
c1ÝÑH2pFk;Zq is isom.: short exact sequence

t0u ÝÑ Z ÝÑ C
expp2πi¨q
ÝÝÝÝÝÑ C

˚ ÝÑ t1u

of abelian groups gives exact sequence in qH˚:

qH1pFk;Oqlooooomooooon
H0,1pFkq“t0u

ÝÑ qH1pFk;O
˚q“PicpFkq

c1ÝÑ qH2pFk;Zq“H2pFk;Zq ÝÑ qH2pFk;Oqlooooomooooon
H0,2pFkq“t0u



(4) PicpFkq
c1
« H2pFk;Zq

PD
« H2pFk;Zq generated by fiber class F “rπ´1ppqs

and class of either section of π : Fk ÝÑP
1,

E0 ” P
`
OP1 ‘0

˘
Ă P

`
OP1 ‘OP1pkq

˘
or E8 “ P

`
0‘OP1pkq

˘
Ă P

`
OP1 ‘OP1pkq

˘
.

F ¨E0, F ¨E8 “1 ùñ PicpFkq, H2pFk;Zq, H2pFk;Zq « ZF ‘ ZE0 « ZF ‘ ZE8

P
1

Fk ”P
`
OP1 ‘OP1pkq

˘

F
«
P
1

π

P
1

E0

E8

`k

´k

E0XE8 “H ùñ E0 ¨E8 “0
π´1ppqXπ´1pp1q“H if p, p1 PP1 distinct ùñ F ¨F “ 0
NFk

E0 «rγ˚|E0
bOP1pkq «OP1pkq ùñ E0 ¨E0 “ xepNFk

E0q, E0y “ k

NFk
E8 «rγ˚|E8

bOP1 «OP1p´kq ùñ E8 ¨E8 “ xepNFk
E8q, E8y “ ´k

E8 “aE0`bF , E8 ¨F “1, E8 ¨E0 “0 ùñ E8 “E0´kF

KFk
“aE0 b̀F , KFk

F̈ “KF F̈ F́ F̈ “´2, KFk
¨E0 “KE0

¨E0´E0¨E0 “´2´k ùñ KFk
“´2E0 p̀k 2́qF

xc1prγ˚q, F y“xc1pγ˚q,P1y“1, xc1prγ˚q, E0y“xc1pOP1q,P1y“0 ùñ c1prγ˚q“E8

(5) If curve CĂFk is irred., C‰E8, and C„aE0`bF , then a, bPZě0:
C,E8 irred., C‰E8 ùñ C ¨E8 ě0 ðñ bPZě0

if C“F , pa, bq“p0, 1q X

C,F irred., C‰F ùñ C ¨F ě0 ðñ aPZě0

Crl 1: For kPZ`, Fk is the projective surface s.t.
D holomor. (submersion) π : SÝÑP

1 with π´1ppq«P
1 @ pPP1 and

irred. curve CĂFk with C2 “´k.

Proof. C“E8 ĂFk ùñ C2 “´k X

CĂFk irred., C‰E8 ùñ C„„aE0`bF with a, bPZě0

ùñ C2 “a2k`2abě0
ùñ E8 ĂFk is the unique irred. curve with negative self-intersection
ùñ Fk1 with k1 ‰k does not contain irred. curve C with C2 “´k.
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Crl 2: F1 «BlpP
2.

Proof 1. E8 ĂF1 exceptional curve (E8 «P
1, E2

8 “´1)
Castelnuovo-Enriques Criterion ùñ F1 “ blowup of projective surface S at some pPS

so that E8 “Ep exceptional divisor
E0XE8 “H ùñ KS ¨πpE0q “ KF1

¨E0 “ ´2´1 “ ´3ă0
hp,qpSq“hp,qpP2q @ pp, qq, KS not positive ùñ S«P

2

Proof 2. Take pPP2 and P
1 ĂP

2´tpu.
Projection P

2´tpuÝÑP
1 from p extends to holomor. submersion π : BlpP

2 ÝÑP
1

with π´1pxq«P
1 @xPP1

b/c proper transforms of lines thr. p are disjoint in BlpP
2

p

P
1

ππ

P
2

P
1

Ep

`1

´1

π π

BlptP
2

E2
p “´1 ùñ BlpP

2 «F1 (by Crl. 1)

Crl 3: BlpFk «BlqFk`1 if
pPE8pFkq qRE8pFk`1q

Proof. Ep ĂBlpFk exceptional divisor
E8 ĂBlpFk proper transform of E8pFkq
F ĂBlpFk proper transform of fiber thr. p

E8XF “H, E8
2

“E8pFkq2`ordppE8pFkqq2E2
p “´pk`1q

F «F «P
1, F

2
“F 2`ordppF q2E2

p “´1
Castelnuovo-Enriques Criterion ùñ BlpFk “ blowup of projective surface S at some qPS

so that F “Eq exceptional divisor

p

P
1

E8

`k

´k

π π

Fk

P
1

E8

`k

´pk`1q

π π

BlpFk

Ep

F

´1

´1
q

P
1

E8

`pk`1q

´pk`1q

π π

S

Ep

S contains irred. curve C”πpE8q with C2 “´pk`1q
π : BlpFk ÝÑP

1 induces holomor. submersion π : SÝÑP
1 with π´1pxq«P

1 @xPP1

Crl. 1 ùñ S«Fk`1
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Crl 4: Fk is rational (birational to P
2) @ kPZě0

Proof. F1 “BlpP
2, Fk`1 “ blowdown of a blowup of Fk

Thm: The minimal rational surfaces are P
2 and Fk with k“0, 2, 3, . . .

Crl 1,4 ùñ P
2 and Fk with k“0, 2, 3, . . . are minimal rational surfaces

Need to show: every projective surface S birational to P
2

can be obtained by a sequence of blowups from P
2 or some Fk.

P
1

S

π

Cλ
Lemma 1: Let tCλuλPP1 be a pencil of curves on a surface S.

If CλXCλ1 “H @λ, λ1 PP1, λ‰λ1, and Cλ is smooth @λPP1, then

π : S ÝÑ P
1, Cλ Qx ÝÑ λ,

is a well-defined holomor. submersion.

Proof. tCλuλPP1 pencil of curves on S ðñ D holomor.l.b. LÝÑS and
2-dim lin. subspace V ĂH0pLq
s.t. tCλuλPP1 “ts´1p0qurssPPV

CλXCλ1 “H @λ, λ1 PP1 ðñ V ÝÑLx, sÝÑspxq, onto @xPS
ùñ π : SÝÑPV ˚ «P

1, xÝÑtsPV : spxq“0u,
is well-defined, holomor., π´1pλq“Cλ @λPP1

rCλs“rCλ1sPH2pS;Zq @λ, λ1 PP1 ùñ xc1pNSCλq, Cλy“C2
λ “0 @λPP1

kx ” smallest order of nonvanishing derivative Diπ of π at xPS
λPP1 any, k”mintkx : xPCλu ùñ Dkπ : pNSCλqbk ÝÑTλP

1 isom. ùñ rCλs“ kˆ generic Cλ1

rCλs“rCλ1sPH2pS;Zq ùñ k“1 ùñ π submersion

P
1

S

π

Cλ
C1

C2

C3

Cλ0Lemma 2: Let tCλuλPP1 be a pencil of curves on a projective surface S.
If CλXCλ1 “H @λ, λ1 PP1, λ‰λ1, and Cλ «P

1 for some λPP1,
then S is a blowup of some Fk.

Proof. If Cλ irred. @λ, then Cλ «P
1 @λ and done by Lemma 1 and Prp

Suppose Cλ0
“

mÿ

i“1

aiCi with mě2, ai PZ`, Ci ĂS irred. curve

CλXCi “H @λPP1´tλ0u ùñ 0“Cλ ¨Ci “Cλ0
¨Ci “

mÿ

j“1

ajCj ¨Ci ùñ C2
i ď0

Cλ0
connected ùñ Cj ¨Ci ą0 for some j‰ i ùñ C2

i ă0 @ i

CλXCλ1 “H @λ, λ1 PP1, λ‰λ1 ùñ KS ¨Cλ “xKCλ
, Cλy´xc1pNSCλq, Cλy“´2´0 if Cλ «P

1

ùñ ´2“KS ¨Cλ “KS ¨Cλ0
“

mÿ

i“1

aiKS ¨Ci

ùñ KS ¨Ci ă0 for some i

Castelnuovo-Enriques ùñ can blow down Ci to get projective S1 with pencil tC 1
λuλPP1

ù keeping blowing down to get tC 1
λuλPP1 as in Lemma 1
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