
MAT 644: Complex Curves and Surfaces
Notes for 04/13/20

Last week: began study of cmpt conn. C-surfaces

Castelnuovo-Enriques Criterion: rS “ projective surface, EĂ rS irred. curve. Then,
rS is the blowup of a proj. surface S at some pPS so that E“Ep is the exceptional divisor
iff E«P1 and E ¨E“´1 iff E ¨KrS ă0 and E ¨Eă0

1st ùñ 2nd ùñ 3rd: trivial
2nd ùñ 1st: Monday via Kodaira Vanishing Thm for positive line bundles
3rd ùñ 2nd: easy from Prp 1

S “ cmpt C-surface, CĂS irred. curve, the arithmetic genus of C is

apCq ” 1`
1

2

`
C ¨KS`C ¨C

˘

Prp 1: gp rCqďapCq, where η : rCÝÑC is the normalization of C; the equality holds iff C is smooth

Prp 2: (started pf on Wed): S “ cmpt C-surface, CĂS irred. curve

(a) apCqPZ (b) gp rCqďapCq ´
ÿ

pPC

ˆ
ordpC

2

˙

Wed: Prp 2(b) ùñ Prp 1

Lemma (proved on Wed): pPC, U ĂS neighborhood of p, CXU “pfq with f : U ÝÑC holomor.,
tBiu” branches of C at p, hi : pD, 0qÝÑpBi, pq normalization,
wi : pU, pqÝÑpC, 0q with TpBi “Tptwi “0u. Then,

ÿ

Bi

ordrz“0

ˆ
Bf

Bwi
˝hi

˙
ě
`
ordpC

˘̀
ordpC´1

˘
`
ÿ

Bi

`
ordpBi´1

˘
.

Compute gp rCq from ´χp rCq “ degK rC “ degprωq, rω“ nonzero merom. 1-form on rC

Start with ω“ merom. 2-form on S s.t.

pωq “ ´C`D, D “
ÿ

i

aiDi

with ai PZ´t0u, Di ĂS irred., Di ‰C, DiXCsing “H
ðñ ω has simple pole along C, nothing additional on Csing

Note: S projective ùñ KS has lots of meromorphic sections



Take rω”PRCpωq, the Poincare residue of ω along C, merom. 1-form on C:

PR: OS

`
KSpCq

˘ restr
ÝÝÝÑ OS

`
KSpCq

˘ˇ̌
C

« OC

`
KS |CbOSpCq|C

˘
« OC

`
KS |CbNSC

˘
« OCpKCq.

Locally: C“pfq, ω“g
dz^dw

f
ùñ rω“ g dz

Bf{Bw

ˇ̌
C˚

independent of the coordinates pz, wq b/c dz{fw “´dw{fz on C˚

 
zeros/poles of rω on C

(
“
 
zeros/poles of fω

(
XC˚ por XCq

# “ pKS`Cq¨C

Zeros/Poles of rω on rCĄη´1pC˚q:

pPCsing, U ĂS neighborhood of p, CXU “pfq with f : U ÝÑC holomor.,
tBiu” branches of C at p, hi : pD, 0qÝÑpBi, pq normalization,
wi : pU, 0qÝÑpC, 0q with TpBi “Tptwi “0u

ki ” ordpBi ùñ rhiprzq“
`
rzki , wiprzq

˘
ùñ ordrz“0h

˚
i rω “ pki´1qloomoon

dprzki q

´ ordrz“0

ˆ
Bf

Bwi
˝hi

˙

Lemma ùñ
ÿ

Bi

ordrz“0h
˚
i rω ď ´

`
ordpC

˘̀
ordpC´1

˘

6 degprωqloomoon
2gp rCq´2

ď pKS`Cq¨Clooooomooooon
degprω|

C˚ q

´
ÿ

pPC

`
ordpC

˘̀
ordpC 1́

˘
ùñ gp rCq ď 1`

1

2

`
C ¨KS`C ¨C

˘
looooooooooomooooooooooon

apCq

´
ÿ

pPC

ˆ
ordpC

2

˙

This completes proof of Prp 2(b).

Normalization of Curve CĂS via Blowup of Surface S

(1) Pick p1 PCsing. Take S1 ”Blp1S
π1ÝÑS; E1 ”π´1

1 pp1q exceptional divisor for π1
C1 ” proper transform of C in S1, closure of C´tp1u in S1

Last week: E1 ¨E1 “´1, C1 “π˚
1C´pordp1CqE1

ùñ C1 ¨KS1
“ C ¨KS ´ pordp1Cq

`
xKE1

, E1y´E1 ¨E1

˘
“ C ¨KS`pordp1Cq

C1 ¨C1 “ C ¨C ` pordp1Cq2pE1 ¨E1q “ C ¨C ´ pordp1Cq2

apC1q ” 1`
1

2

`
C1 ¨KS1

`C1 ¨C1

˘
“ apCq´

ˆ
ordp1C

2

˙
ă apCq. (1)

(2) Keep blowing up at singular points. By Prp 2(b) and (1),

1´
ˇ̌
π0p rCq

ˇ̌
“ 1´

ˇ̌
π0pĂCrq

ˇ̌
ď gpĂCrq ď apCrq ď apCq´r

ùñ process must terminate ùñ Cr ĂSr smooth for some rPZě0

gpĂCrq “ gpCrq “ apCrq “ apCq´
rÿ

s“1

ˆ
ordprCr´1

2

˙
ùñ apCq P Z ùñ Prp 2(a)

Also, π1˝. . .˝πr : Cr ÝÑC is finite:1 everywhere, 1:1 over C˚ ùñ Cr “ rC normalization of C
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Prp 3: S“C-surface, F ĂS discrete, CĂS´F C-curve ùñ CĂS is C-curve
E.g. did this for proper transform under blowup using local coordinates on Monday

In general: enough to consider (i) CĂD2´t0u
(ii) CČtp0, wqPt0uˆD˚u ùñ CXtp0, wqu discrete
(iii) CXtp0, wq : |w|“1u“H ùñ CXtpz, wq : |w|“1, |z|ăδu“H

Need to show: CXpDδˆDq“pgq for some g :DδˆDÝÑC holomor.

w

z

C

1

δ

d“2

Proof. (1) de Rham/Dolbeault Thm ` B̄-Poincare Lemma ùñ qH2pD˚
δ ˆD;Zq, qH1pD˚

δ ˆD;Oq“0

0 ÝÑ Z ÝÑ O
expp2πi¨q
ÝÝÝÝÝÑ O

˚ ÝÑ t1u

ùñ PicpD˚
δ ˆDq“ qH1pD˚

δ ˆD;Oq“0
ùñ CXpD˚

δ ˆDq“ zero set of holomorphic section of trivial l.b. ÝÑ D˚
δ ˆD

ùñ CXpD˚
δ ˆDq“ pfq for some f POpD˚

δ ˆDq
(iii) ùñ (iv) fpz, wq‰0 if |w|“1, 0ă|z|ăδ

(2) (iv) ùñ φ0pzq ”
1

2πi

¿

|w|“1

df

f
pz, wq is well-defined if 0ă|z|ăδ

(integration over vertical circle with z“const)
“ # of zeros of wÝÑfpz, wq ” d independent of z by continuity of φ0

6 CXpD˚
δ ˆDq”pfq ÝÑD˚

δ , pz, wqÝÑw, is d :1
twrpzqur“1,...,d ” roots of wÝÑfpz, wq with 0ă|z|ăδ

Define φk : D
˚
δ ÝÑ C, φkpzq ”

1

2πi

¿

|w|“1

wk df

f
pz, wq “

dÿ

r“1

wrpzqk ” skpw1pzq, . . . , wdpkqq

where skpw1, . . . , wdq ”
dÿ

r“1

w k
r

φk : D
˚
δ ÝÑC bounded ùñ extends to holomor. φk : Dδ ÝÑC

Define pk PQrs1, . . . , sds by pkps1pw1, . . . , wdq, . . . , sdpw1, . . . , wdqq“σkpw1, . . . , wdq
σkpw1, . . . , wdq” k-th elementary symm. polyn. in w1, . . . , wd

E.g. p1ps1, . . . , sdq“s1, p2ps1, . . . , sdq“
1

2
ps21´s2q

Take gpz, wq“wd´p1pφ1pzq, . . . , φdpzqqwd´1`. . .`p´1qdpdpφ1pzq, . . . , φdpzqq
“wd´σ1pw1pzq, . . . , wdpzqqwd´1`. . .`p´1qdσdpw1pzq, . . . , wdpzqq 

zeros of wÝÑgpz, wq
(

“ twrpzqur“1,...,d “
 
zeros of wÝÑfpz, wq

(
if 0ă|z|ăδ

ùñ CXpD˚
δ ˆDq“pfqXpD˚

δ ˆDq“pgqXpD˚
δ ˆDq

CXtp0, wqu discrete ùñ CXpDδˆDq“pgq
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Crl: S“C-surface, F ĂS discrete, f : S´F ÝÑPn holomor.
(1) f˚OPnp1qÝÑS´F extends to a holomor. l.b. LÝÑS

(2) f induces homom. f˚ : H0pPn;OPnp1qqÝÑH0pS;Lq

Proof. H ĂPn hyperplane s.t. ImpfqĆH ùñ f´1pHqĂS´F is a curve
f˚OPnp1q“rf´1pHqsÝÑS´F

Prp 3 ùñ f´1pHqĂS is a curve ùñ f˚OPnp1q extends to l.b. L”rf´1pHqsÝÑS

Hartog’s ùñ every sPH0pS´F ; f˚OPnp1qq extends to rsPH0pS;Lq
ùñ get f˚ : H0pPn;OPnp1qqÝÑH0pS;Lq
ùñ LÝÑS independent of H ĂPn hyperplane s.t. ImpfqĆH

Note: f˚s”0 for sPH0pPn;OPnp1qq ðñ Impfq Ă H ”s´1p0qĂPn

Other Tools to Study Cmpt C-Surface S

(1) Adjunction Formula: If CĂS is a smooth curve,

gpCq “ 1`
1

2

`
C ¨KS`C ¨Cq ” apCq.

Follows from 2gpCq´2”´χpCq“´xc1pTCq, Cy and OSpCq|C «NC”TS|C{TC.

(2) Noether’s Formula: χpOSq”h0
B
pSq´h1

B
pSq`h2

B
pSq “ 1

12

`
χpSq`KS ¨KSq.

Proved directly for S projective in Section 4.6 of G&H.

(3) Riemann-Roch for Line Bundle on a Surface: If LÝÑS is a holomor. l.b.,

χpLq”h0
B
pS;Lq´h1

B
pS;Lq`h2

B
pS;Lq “ χpOSq`

1

2

`
L¨L´L¨KSq .

Obtained from RR for Line Bundle on a Curve in Section 4.1 of G&H.

(4) If S is a (projective) surface with the same Hodge ˛ as P2 and KS is not positive, then S«P2.
Obtained from (2), (3), and Kodaira Vanishing Theorem in Section 4.1 of G&H.

(3) is tautology for L“ trivial holomor. l.b.
(2) and (3) are special cases of Hirzebruch-Riemann-Roch:

χpEq“ . . . for holomor. v.b. E over projective X

HRR is special case of Atiyah-Singer Index Thm:
indD“ . . . for elliptic operator D on smooth cmpt X

discussed at the beginning of the semester

(3) and (4) might be discussed at the end of some lecture, time-permitting
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