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1 Definitions and Examples

A (smooth) real vector bundle V' of rank k over a smooth manifold M is a smoothly varying family
of k-dimensional real vector spaces which is locally trivial. More formally, a real vector bundle is
a triple (M, V,m), where M and V are smooth manifolds and

TV —M

is a smooth map. For each m € M, the fiber V,, =7~ !(m) of V over m is a real k-dimensional

vector space:
Vin
V
™
®

M

m
The vector-space structures vary smoothly with m. This means that the scalar multiplication map
RxV —1V, (c,v) — ¢ v,
and the addition map
VxyV = {(vl,vg)EVXV: m(v1)=m(vy) € M} —V (v1,v2) — v1+v2,
are smooth. Note that we can add vi,ve €V only if they lie in the same fiber over M, i.e.
m(v1)=m(v2) = (vi,v2) € Vx V.

The space V XV is a smooth submanifold of V' xV, as follows immediately from the Implicit
Function Theorem or can be seen directly. The local triviality condition means that for every point
m &€ M there exist a neighborhood U of m in M and a diffeomorphism

h:Viy=nYU) — UxXRF,

such that h takes every fiber of 7 to the corresponding fiber of the projection map 7 : UxRF — U,
i.e. mpoh=m on V|y so that the diagram



= U xRF
/

commutes, and the restriction of hy; to each fiber is linear:

u

h(civ1+cova) = c1h(vy) + coh(v2) € x X RF Ve, c0€R, v1,v9€V,, xeld.

These conditions imply that the restriction of h to each fiber V, of w is an isomorphism of vector
spaces. In summary, V locally (and not just pointwise) looks like bundles of R*’s over open sets in
M glued together. This is in a sense analogous to an n-manifold being open subsets of R” glued
together in a nice way. Here is a formal definition.

Definition 1.1. A real vector bundle of rank k is a tuple (M,V,,-,+) such that
(1) M and V are smooth manifolds and w: V — M is a smooth map;
(2) - RxV —V is a map s.t. w(c-v)=n(v) for all (c,v) ERXV;
(3) +: VxyuV—V is a map s.t. m(vi+v2)=m(v1)=mn(v2) for all (vi,v2) €V xpV;
(4) for every me M there exist a neighborhood U of m in M and a diffeomorphism
h:V|y—UxRF such that
(4a) mpoh=m on V|y and
(4b) the map hly, : Vo — xxR¥ is an isomorphism of vector spaces for all x €U.

Remark: Condition (4) implies that the vector space structures in the fibers of 7 vary smoothly
over M, i.e. the maps - and + in (2) and (3) of Definition 1.1 are smooth.

The spaces M and V are called the base and the total space of the vector bundle (M, V,x). It is
customary to call w: V — M a vector bundle and V' a vector bundle over M. If M is an n-manifold
and V — M is a real vector bundle of rank k, then V' is an (n+k)-manifold. Its local coordinate
charts are obtained by restricting the trivialization maps h for V', as above, to small coordinate
charts in M.

Example 1.2. If M is a smooth manifold and k is a nonnegative integer, then
T MxRF — M
is a real vector bundle of rank k over M. It is called the trivial rank-k real vector bundle over M.
Example 1.3. Let M be the circle S'; it can be written as the quotient
St=1/~, where I =1[0,1], 0~ 1.
Let V be the infinite Mobius band:
V =(IxR)/ ~, where (0,v) ~ (1,—v) VveR.

Then, the projection 7: V — S* onto the first coordinate is well-defined and is a real line bundle
(i.e. rank-one bundle) over S?.



Example 1.4. The real projective space of dimension n, denoted RP", is the space of real one-
dimensional subspaces of R"! (or lines through the origin in R"*!) in the natural quotient topol-
ogy. In other words, a one-dimensional subspace of R™*! is determined by a nonzero vector in
R"*! ie. an element of R""!—0. Two such vectors determine the same one-dimensional subspace
in R"*! and the same element of RP" if and only if they differ by a non-zero scalar. Thus, as sets

RP" = (R"*'—0) /R* = (R*"*'-0)/ ~, where
R*=R—-0, c-v=cv€R"™ -0 VceR* veR" -0, v~cv VceR* veR" 0.

Alternatively, a one-dimensional subspace of R"*! is determined by a unit vector in R"*!, i.e. an
element of S™. Two such vectors determine the same element of RP" if and only if they differ by
a non-zero scalar, which in this case must necessarily be £1. Thus, as sets

RP":S”/ZQES”/ ~, where
Zo ={£1}, c-v=cveS" Vce€ly,veS", v~cv Ve€eZy, veS2.

Thus, as sets,

RP" = (R"*!'—0) /R* = S /Z,.
It follows that RP™ has two natural quotient topologies; these two topologies are the same, however.
The space RP™ has a natural smooth structure, induced from that of R"*!' —0 and S™. Let

Yo = {(£,0) ERP"xR"!: pe ).

The projection 7 : v, — RP"™ defines a smooth real line bundle. The fiber over a point £ € RP™
is the one-dimensional subspace ¢ of R"*!! For this reason, =, is called the tautological line bundle
over RP™. Note that RP'=S" and 7; — S' is the infinite Mobius band of Example 1.3.

Example 1.5. If M is a smooth n-manifold, the tangent and cotangent bundles of M, T'M and
T*M, are real vector bundles of rank n over M.

Please check all statements made above.

Definition 1.6. A complex vector bundle of rank k is a tuple (M,V,,-,+) such that
(1) M and V' are smooth manifolds and w: V — M is a smooth map;
(2) -: CxV —V is a map s.t. w(c-v)=mn(v) for all (c,v)eCxV;
(3) +: VxyuV—V is amap s.t. n(vi+ve)=m(v1)=mn(ve) for all (vi,ve) €V X V;
(4) for every me M there exists a neighborhood U of m in M and a diffeomorphism
h: Vi]y —UxCF such that
(4a) moh=m on V|y and
(4b) the map hly, : Vo — xxC¥ is an isomorphism of complex vector spaces for all x€U.
Similarly to a real vector bundle, a complex vector bundle over M locally looks like bundles of
C"’s over open sets in M glued together. If M is an n-manifold and V — M is a complex vector
bundle of rank k, then V' is an (n+2k)-manifold. A complex vector bundle of rank & is also a real
vector bundle of rank 2k, but a real vector bundle of rank 2k need not in general admit a complex
structure.

Example 1.7. If M is a smooth manifold and & is a nonnegative integer, then
m: M % ck— M

is a complex vector bundle of rank k over M. It is called the trivial rank-k complex vector bundle
over M.



Example 1.8. The complex projective space of dimension n, denoted CP™, is the space of complex
one-dimensional subspaces of C"! (or lines through the origin in C"*!) in the natural quotient
topology. Similarly to the real case of Example 1.4,

CP" = (C*1—0)/C* = 5?1 /S' where
= {ceC*: |¢|=1}, Sl = LyeC™—0: |v| =1},
c-v=cveC -0 VeeC, veC -0

The two quotient topologies on CP" arising from these quotients are again the same. The space
CP" has a natural complex structure, induced from that of C*"*1 —0. Let

Yn = {(gaU)GCPnX(CnH: UGE}.

The projection 7: vy, —> CP™ defines a smooth complex line bundle. The fiber over a point £ € CP™
is the one-dimensional complex subspace ¢ of C"t!. For this reason, 7, is called the tautological
line bundle over CP™.

Example 1.9. If M is a complex n-manifold, the tangent and cotangent bundles of M, TM and
T*M, are complex vector bundles of rank n over M

Please check all statements made above.

2 Vector Bundle Sections and Homomorphisms

If 7: V— M is a vector bundle (real or complex), a section of 7 or V' is a smooth map s: M —V
such that mos =1idyy, i.e. s(x) € V, for all z € M. If s is a section, then s(M) is an embedded
submanifold of V: the injectivity of s and ds is immediate from wos=1idys, while the embedding
property follows from the continuity of m. Every fiber V, of V is a vector space and thus has a
distinguished element, the zero-vector in V,,, which we denote by 0,. It follows that every vector
bundle admits a section:

so(z) = (x,04) € V.

This map is smooth, since on a trivialization of V' over an open subset U of M it is given by the
inclusion of U as U x 0 into U x R¥ or U x C¥. Thus, M can be thought of as sitting inside of V as
the zero section; it is a deformation retract of V:

So(M)%M

TR

Definition 2.1. (1) Suppose 7: V— M and 7' : V' — N are real (or complex) vector bundles.
A smooth map f:V — V' is a vector bundle homomorphism if f descends to a map f: M — N,
i.e. the diagram



v

1 b

M

commutes, and the restriction f: V,, — V(g 18 linear (or C-linear, respectively) for all x € M.
(2) If 7: V—M and ': V' — M are vector bundles, a vector bundle homomorphism f:V—V
is an isomorphism of vector bundles if w'o f=m, i.e. the diagram

commutes, and f is a diffeomorphism (or equivalently, its restriction to each fiber is an isomorphism
of vector spaces). If such an isomorphism exists, then V and V' are said to be isomorphic vector
bundles.

Note that the two conditions above on f are equivalent due to the local structures of V' and V.

Lemma 2.2. The real line bundle V — S' given by the infinite Mobius band of Example 1.3 is
not isomorphic to the trivial line bundle S* xR — S,

Proof: In fact, (V,S1) is not even homeomorphic to (S xR, S1). Since
SIXR —50(S1) = S xR — S'x0 = S'xR™ U S xRT,

the space S' xR — S! is not connected. On the other hand, V —s¢(S') is connected. If M B is
the standard Mobius Band and S'C M B is the central circle, M B—S" is a deformation retract of
V —S1. On the other hand, the boundary of M B has only one connected component (this is the
primary feature of M B) and is a deformation retract of M B—S!. Thus, V —S! is connected as
well.

Lemma 2.3. If 7: V. — M is a real (or complex) vector bundle of rank k, V is isomorphic to
the trivial real (or complex) vector bundle of rank k over M if and only if V' admits k sections
S1,...,Sk such that the vectors si(x),...,sk(z) are linearly independent (over C, respectively) in
Vi for allze M.

Proof: We consider the real case; the proof in the complex case is nearly identical.
(1) Suppose h: M xRF — V is an isomorphism of vector bundles over M. Let e,...,e; be the
standard coordinate vectors in R¥. Define sections s1,...,s; of V over M by

sl(q:):h(x,el) Vi=1,...,k, x € M.

Since the maps © — (2, ¢;) are sections of M xRF over M and h is a bundle homomorphism, the
maps s; are sections of V. Since the vectors (z,¢;) are linearly independent in x xRF and h is
an isomorphism on every fiber, the vectors si(z),...,si(z) are linearly independent in V, for all
x € M, as needed.



(2) Suppose s1, ..., sy are sections of V' such that the vectors si(z),. .., si(x) are linearly indepen-
dent in V for all x € M. Define the map

h: MxRF — V by h(z,ci,...,ck) =cis1(x) + ...+ cgpsp(x) € Vy.

Since the sections si,...,s; and the vector space operations on V are smooth, the map h is
smooth. It is immediate that 7(h(x,c)) =z and the restriction of h to z x RF is linear; thus, h is
a vector bundle homomorphism. Since the vectors si(z),. .., sg(z) are linearly independent in V;,
the homomorphism #h is injective and thus an isomorphism on every fiber. We conclude that h is
an isomorphism between vector bundles over M.

3 Transition Data for Vector Bundles

Suppose m: V — M is a real vector bundle of rank k. By Definition 1.1, there exists a collection
{Ua, ha) taca of trivializations for V' such that (J . 4Ua = M. Since (Uy, ha) is a trivialization
for V,

ho: Vg, — Uy xRF

is a diffeomorphism such that mjoh, =7 and the restriction hy: V, — 2xRF is linear for all z €U,
Thus, for all a, 3€ A,
hap=haohy': (UaNUs) x R — (UaNUg) x R

is a diffeomorphism such that mjohyg=m1, i.e. hog maps x X R* to . xRF, and the restriction of
hag to xRF defines an isomorphism of xR¥ with itself. Such an isomorphism must be given by

(x,v) — (x,gag(x)v) Vv e RF,
for a unique element gos(z) € GLiR (the general linear group of R¥). The map h,g is then given by
hag(z,v) = (a:,gag(:r)v) Vo € U,NUg, veERF,

and is completely determined by the map gng: UnNUg — GLiR (and gqg is determined by hqg).
Since hag is smooth, so is gag.

By the previous paragraph, starting with a real rank-k vector bundle 7: V — M, we can obtain
an open cover {Uy}aea of M and a collection of smooth transition maps

{gag: UaﬂUﬁ — GLkR}a,BeA'

Let I denote the identity element in GLiR. These transition maps satisfy:
(i) gaa = I, since hoo =haohy !t =id;
(ii) gap9sa = Ik, since hoghpa =id;
(ili) 9aB98vGya = Lk, since haghmfzwzid.

The last condition is known as the (Cech) cocycle condition (more details in Chapter 5 of Warner).
It is sometimes written as

-1 —
ga1a29a0a2gaoa1 = ]Ik va07 a17 a2 6 A

In light of (ii), the two versions of the cocycle condition are equivalent.



Conversely, given an open cover {Uy taca of M and a collection of smooth maps
{gag: uaﬂu/g — GLkR}a,BEA

that satisfy (i), (ii), and (iii), we can assemble a rank-k vector bundle 7’: V/— M as follows. Let

v — ( || aanka>/ ~,  where

acA
(B,x,v) ~ (a,:c,gag(x)v) Va,BeA xcl,NUg, veRF.

The relation ~ is reflexive by (i), symmetric by (ii), and transitive by (iii) and (ii). Thus, ~ is an
equivalence relation, and V' carries the quotient topology. Let

q: Llaxuaka—>V’ and 7V — M, [a,z,0] — z,
acA

be the quotient map and the natural projection map (which is well-defined). If F€ A and W is a
subset of Ug xR*, then

q_l(q(ﬁxW)) = |_| aXhag(W), where
acA

hag: (UaNUg) x RF — (UsNUs) x R*,  hag(z,v) = (2, gag(x)v).

In particular, if 3x W is an open subset of 3xUg xR*, then ¢! (q(ﬁx W)) is an open subset of
Lpeq @ xUa xR¥. Thus, ¢ is an open continuous map. Since its restriction

o = q,axua xRF

is injective, (qq (XU, XRk), ¢, ') is a coordinate chart on V’.! The overlap maps between these
charts are the maps haﬁ.z Thus, V' carries a smooth structure. The projection map «’: V' — M
is smooth with respect to this smooth structure, since it induces projection maps on the charts.
Since

T =7 0qq: axU, xRF — U, M,

the diffeomorphism ¢, induces a vector space structure in V, for each x €U, such that the restric-
tion of ¢, to each fiber is a vector space isomorphism. Since the restriction of the overlap map hqg
to x xRF, with z €U, NUg, is a vector space isomorphism, the vector space structures defined on
V. via the maps ¢, and gg are the same. We conclude that 7': V/— M is a real vector bundle of
rank k.

If {Up}taea and {gag U NUg — GLkR}a sea Are transition data arising from a vector bundle
m: V — M, then the vector bundle V' constructed in the previous paragraph is isomorphic to V.
Let {(Uq, ha)} be the trivializations as above, giving rise to the transition functions g,g. We define

frV—V' by  f)=[a,ha)] if 7)€ Un.

!Strictly speaking, this is not a chart, since its image is a smooth manifold and not necessarily an open subspace
of a Euclidean space. However, such generalized charts are sufficient for verifying that a space is a smooth manifold.
2Formally, the overlap map is (83— @) X hag.



If w(v) eUsNUp, then
18, hs(v)] = [, hap(hp(v))] = [a, ha(v)] € V7,

i.e. the map f is well-defined (depends only on v and not on «). It is immediate that mof =m.
Since the map )
gito foht: UyxRY — U, xRF

is the identity (and thus smooth), f is a smooth map. Since the restrictions of g, and hq to every
fiber are vector space isomorphisms, it follows that so is f. We conclude that f is a vector bundle
isomorphism.

In summary, a real rank-k vector bundle over M determines a set of transition data with values in
GLR satisfying (i)-(iii) above (many such sets, of course) and a set of transition data satisfying
(i)-(iii) determines a real rank-k vector bundle over M. These two processes are well-defined and
are inverses of each other when applied to the set of equivalence classes of vector bundles and the
set of equivalence classes of transition data satisfying (i)-(iii). Two vector bundles over M are
defined to be equivalent if they are isomorphic as vector bundles over M. Two sets of transition
data

/
{gaﬁ}a,,@eA and {gaﬁ}a,ﬁeA’
with A consisting of all sufficiently small open subsets of M, are said to be equivalent if there exists
a collection of smooth functions { fo: Uy — GLR}4eq such that

g/aﬁ:fagaﬁf[;17 VOé,,BGA,S

i.e. the two sets of transition data differ by a Cech boundary (more in Chapter 5 of Warner). Along
with the cocycle condition on the gluing data, this means that isomorphism classes of real rank-k
vector bundles over M can be identified with H'(M; GL;R), the quotient of the space of Cech
cocycles of degree one by the subspace of Cech boundaries.

Remark: In Chapter 5 of Warner, Cech cohomology groups, H™, are defined for (sheafs of) abelian
groups. However, the first two groups, H° and H'! easily generalize to non-abelian groups as well.

If m: V— M is a complex rank-k vector bundle over M, we can similarly obtain transition data
for V' consisting of an open cover {Uy }aca of M and a collection of smooth maps

{gaﬁ: UaﬂU5 %GLkC}a,ﬁeA

that satisfies (i)-(iii). Conversely, given such transition data, we can construct a complex rank-k
vector bundle over M. The set of isomorphism classes of complex rank-k vector bundles over M

can be identified with H'(M; GL;C).

4 Operations on Vector Bundles

Vector bundles can be restricted to smooth submanifolds and pulled back by smooth maps. All
natural operations on vector spaces, such as taking quotient vector space, dual vector space, direct
sum of vector spaces, tensor product of vector spaces, and exterior powers also carry over to vector
bundles via transition functions.

3Such a collection {fa}aca corresponds, via trivializations, to an isomorphism between the vector bundles deter-
mined by {gas}a.pea and {ghs}a.sea.



4.1 Restrictions and Pullbacks

If N is a smooth manifold, M C N is an embedded submanifold, and 7: V — N is a vector bundle
of rank k (real or complex) over N, then its restriction to M,

m:Vig=rY(M) — M,

is a vector bundle of rank k over N. It inherits smooth structure from V by the Slice Lemma or
the Implicit Function Theorem. If {(Uy,,hqo)} is a collection of trivializations for V' — N, then
{Ua "M, halr—1@nnry)} is a collection of trivializations for V|y — M. Similarly, if {gag} is
transition data for V — N, then {gaglu,ruzna } is transition data for V| — M.

More generally, if f: M — N is a smooth map and 7: V — N is a vector bundle of rank k, there
is a pullback bundle over M:

f'V=MxyV = {(m,v)GMXV3f(m):7T(”)} - M.

Note that f*V is the maximal subspace of M xV so that the diagram

T2
v v
771‘ m
M ! N

commutes. By the Implicit Function Theorem, f*V is a smooth submanifold of M xV. By con-
struction, the fiber of m over m € M is Vy(y,), i.e. the fiber of 7 over f(m) € N. If {(Un, ha)} is
a collection of trivializations for V. — N, then {(f~}(Us,), haof)} is a collection of trivializations
for f*V — M. Similarly, if {gas} is transition data for V'— N, then {gago f} is transition data
for f*V — M. The case discussed in the previous paragraph corresponds to f being the inclusion
map. If f: M — N is a smooth map, then df defines a bundle homomorphism from T'M to f*T'N:

df
T™ f*TN

N

M

The smooth map f is an immersion if the restriction of df to every fiber of 7 is injective.

4.2 Quotient Bundles

If V is a vector space (over R or C) and V' CV is a linear subspace, then we can form the quotient

vector space, V/V'. If W is another vector space, W/ CW is a linear subspace, and g: V — W is

a linear map such that g(V’)=W’, then g descends to a linear map between the quotient spaces:
g: V)V — W/W'.

If we choose bases for V and W such that the first few vectors in each basis form bases for V'
and W', then the matrix for g with respect to these bases is of the form:

i=(5 )



The matrix for g is then D. If g is an isomorphism from V' to W that restricts to an isomorphism
from V' to W', then g is an isomorphism from V/V’ to W/W".

Suppose 7: V — M is a smooth vector bundle of rank k (say, over R). A subbundle of V' of rank &’
is a smooth submanifold V’ of V' such that

wly V' — M

is a vector bundle of rank k’. Of course, k¥’ <k. If V' CV is a subbundle, we can form a quotient
bundle, V/V'— M, such that

VIV = Vi /V. YmeM.

The topology and smooth structure on V/V’ are determined from those of V' and V' by requiring
that if s is a smooth section of V, then the induced section of V/V" is also smooth. More explicitly,
we can choose a system of trivializations {(Uy, hq)} such that

ha(V') = Uy x (R¥ x0) C Uy xRE Ve

Let g : R¥ — R*¥*" be the projection onto the last (k—E') coordinates. Then, the trivializations
for V//V" are given by {(Uy, {idxqi } ohqa)}. Alternatively, if {gqg} is transition data for V' such that
the upper-left k'xk’-submatrices of g,g correspond to V' (as is the case for the above trivializations
he) and gop is the lower-right (k—k")x (k—Fk') matrix of g,g, then {gng} is transition data for V/V".

For example, if N is a k-manifold and M C N is a k’-submanifold, then TN|y; — M is a vector
bundle of rank k£ containing the subbundle TM — M. The quotient bundle in this case,

./\/’METN‘M/TM,

is called the normal bundle of M in N. It describes a neighborhood of M in N. More generally, if
f: M — N is an immersion, the image of df is a subbundle of f*T'N; see above. In this case, the
quotient bundle,

Ny = f*TN /Im df,

is called the normal bundle for the immersion f. It is a vector bundle over M.

4.3 Dual Bundles

If V is a vector space (over R or C), the dual vector space is the space of the linear homomorphisms
to the field (R or C, respectively):

V* = Hom(V, R) or V= Hom(V, C).

A linear map g : V — W between two vector spaces, induces a dual map in the “opposite”
direction:

g W — VvV {g*(L)}(v) =L(g(v)) VLeW* veV.

If V=R and W=R", then g is given by an n x k-matrix, and its dual is given by the transposed
k X n-matrix.

10



If 7: V— M is a smooth vector bundle of rank k (say, over R), the dual bundle of V' is a vector
bundle V* — M such that
V)m =V, VmeM.

The topology and smooth structure on V* are determined from those of V' by requiring that if s
and v are smooth sections of V' and V*, then 1(s) is a smooth function on M. More explicitly,
suppose {gqs} is transition data for V, i.e. the transitions between charts are given by

haohg': Ua Uz x R¥ — Uy, Nz x RY, (m,v) — (m, gag(m)v).
The dual transition maps are then given by
Us,NUs x R¥ — Uy NUs x RE, (m,v) — (m, gag(m)"v).

However, these maps reverse the direction, i.e. they go from the a-side to the §-side. To fix this

problem, we simply take the inverse of g,g(m)":

U NUg X RF — U NU3 % R”, (m,v) — (m, {gag(m)t}_lv).

So, transition data for V* is {(géﬂ)_l}. As an example, if V' is a line bundle, then g,z is a smooth
nowhere-zero function on U, NUg and (g*)ap is the smooth function given by 1/gqg3.

4.4 Direct Sums

If V and V' are two vector spaces, we can form a new vector space, V@ V', the direct sum of V
and V'. If g: V— W and ¢’': V' — W' are linear maps, they induce a linear map

g®g VeV — WaeWw'.

If we choose bases for V, V/, W, and W' so that g and ¢’ correspond to some matrices A and D,
then in the induced bases for V@V’ and Wa W/,

, (A0
gEBg_(o D)

If7:V—M and n’: V' — M are smooth vector bundles, we can form their direct sum, V@ V’,
so that
VoV )y =VadV,,  ¥YmeM.

The topology and smooth structure on V@V’ are determined from those of V and V'’ by requiring
that if s and s’ are smooth sections of V' and V', then s @ s’ is a smooth section of V@ V’. More
explicitly, suppose {gag} and {g,5} are transition data for V' and V’. Then, transition data for
VeV’ is given by {gag®9,5}, i-e. we put the first matrix in the top left corner and the second
matrix in the bottom right corner. Alternatively, let

d: M — M xM, d(m) = (m,m),
be the diagonal embedding. Then,

axa: VxV — Mx M’

11



is a smooth vector bundle (with the product structure), and
VoV =d(VxV.
Please check that the two definitions of V&V’ agree!

If V,V/— M are vector bundles, then V' and V' are vector subbundles of V& V', It is immediate
from the previous subsection that

(VeV)/Vv=V'" and (VaV')/V' =V.

These equalities hold in the holomorphic category as well (i.e. when the bundles and the base
manifold carry complex structures and all trivializations and transition maps are holomorphic).
Conversely, if W is a subbundle of V', by Section 5 below

VaV/W)eWw

as smooth vector bundles, real or complex (more later). However, if V' and W are holomorphic
bundles, V' may not have the same holomorphic structure as (V/W)@®W (i.e. the two bundles are
isomorphic as smooth vector bundles, but not as holomorphic ones).

4.5 Tensor Products

If V and V' are two vector spaces, we can form a new vector space, V®V’, the tensor product of
Vand V. If g: V—W and ¢': V' — W' are linear maps, they induce a linear map

g2¢ VeV — WeW'.

If we choose bases {e;}, {e,,}, {fi}, and {f;,} for V, V', W, and W', respectively, then {e;®e],}(; n)
and { fi® f},} (i,m) are bases for V@V’ and W @W’. If the matrices for g and g’ with respect to the
chosen bases for V., V', W, and W' are (gi;): j and (g/,,,)m.n, then the matrix for g®g¢" with respect
to the induced bases for V&V’ and WeW’ is (gi9) (i,m),(j,n)- The rows of this matrix are indexed
by the pairs (7, m) and the columns by the pairs (j,n). In order to actually write down the matrix,
we need to order all pairs (i,m) and (j,n). If all four vector spaces are one-dimensional, g and ¢
correspond to single numbers g;; and g,,,,,, while g®g¢’ corresponds to the single number g;;g;,,,-

If 7: V— M and 7’ : V! — M are smooth vector bundles, we can form their tensor product,
V®V’, so that
VoV )ym =VaeV,  ¥YmeM.

The topology and smooth structure on V®V’ are determined from those of V' and V' by requiring
that if s and s’ are smooth sections of V' and V', then s ® s’ is a smooth section of V®@V’. More
explicitly, suppose {gag} and {g,5} are transition data for V' and V’. Then, transition data for
VeV'is given by {gap®g,s}, i-e. we construct a matrix-valued function gas® g, from {gas}
and {g, 5} as in the previous paragraph. As an example, if V' and V' are line bundles, then g
and g’aﬁ are smooth nowhere-zero functions on U,NUg and (g®g’)ap is the smooth function given

bY 9apdns-
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4.6 Exterior Products

If V is a vector space and k is a nonnegative integer, we can form the k-th exterior power, AFV,
of V. A linear map g: V — W induces a linear map

Afg: APV — AW
If n is a nonnegative integer, let Si(n) be the set of increasing k-tuples of integers between 1 and n:

Sk(n) = {(il, L ,’ik)EZk: 1< <in<... < ’Lkﬁn}
If {ej}j=1,..n and {fi}i=1,...m ave bases for V and W, then {e;},cg,(n) and {fu}.cs,(m) are bases
for A*V and A*WW, where
C(ntyemie) = Em N o Nl and f(m’_“’“k) = fur Ao A fu

If (gij)i=1,...m,j=1,...n is the matrix for g with respect to the chosen bases for V and W, then

(det ((9rm)rs=1)) (uiny et myx ()

is the matrix for A*g with respect to the induced bases for A¥V and A*W. The rows and columns of
this matrix are indexed by the sets Si(m) and Si(n), respectively. The (u,n)-entry of the matrix
is the determinant of the k x k-submatrix of (gi;);; with the rows and columns indexed by the
entries of p and 7, respectively. In order to actually write down the matrix, we need to order the
sets Si(m) and Sg(n). If k=m=n, then A¥V and A*W are one-dimensional vector spaces, called
the top exterior power of V' and W, with bases

{el/\.../\ek} and {fl/\.../\fk}.

With respect to these bases, the homomorphism A*g corresponds to the number det(gij)ij. f k>n
(or k>m), then A*V (or A*IW) is the zero vector space and the corresponding matrix is empty.

If 7: V— M is a smooth vector bundle, we can form its k-th exterior power, A*V, so that
(A*V),, = AV, VmeM.

The topology and smooth structure on A¥V are determined from those of A¥V by requiring that if
S1,...,5; are smooth sections of V', then s; A ... A s is a smooth section of A¥V. More explicitly,
suppose {gag} is transition data for V. Then, transition data for AV is given by {A¥g.s}, i.e. we
construct a matrix-valued function Akgag from each matrix g,g as in the previous paragraph. As
an example, if the rank of V is k, then the transition data for the line bundle AV, called the top
exterior power of V, is {det gog}-

It follows directly from the definitions that if V' — M is a vector bundle of rank k£ and L — M is
a line bundle (vector bundle of rank one), then

AP(VaL) =AM Y VeL) = A"V e L =AYV L.
More generally, if V,W — M are any two vector bundles, then

APV W) = (APV) @ (APW)  and  AF(VeW) = @D AV)e(WW).
it+j=k
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Remark: For complex vector bundles, the above constructions (exterior power, tensor product,
direct sum, etc.) are always done over C, unless specified otherwise. So if V' is a complex vector
bundle of rank k over M, the top exterior power of V is the complex line bundle A*V over M
(could also be denoted as A(’é ). In contrast, if we forget the complex structure of V' (so that it
becomes a real vector bundle of rank 2k), then its top exterior power is the real line bundle ARV
(could also be denoted as AZV).

5 Metrics on Fibers

If V is a vector space over R, a positive-definite inner-product on V' is a symmetric bilinear map
(,): VXV —R, (v,w)— (v,w), s.t. (v,v) >0 Yve V-0.

If {,) and (, )’ are positive-definite inner-products on V and a,a’ € RT are not both zero, then
a(,)+d' (,): VxV — R, {a(,)+d'(,)'}(v,w) = alv,w) + d' (v, w)’,

is also a positive-definite inner-product. If W is a subspace of V and (,) is a positive-definite
inner-product on V, let
Wt = {veV: (v,w)=0VweW}

be the orthogonal complement of W in V. In particular,
V=weWw"
Furthermore, the quotient projection map
mV —V/W
induces an isomorphism from W+ to V/W so that

VaWae (V/W).

If M is a smooth manifold and V' — M is a smooth real vector bundle of rank &, a Riemannian metric
on V is a positive-definite inner-product in each fiber V, ~R¥ of V that varies smoothly with = € M.
More formally, the smoothness requirement is one of the following equivalent conditions:

(a) the map (,): V x;V —R is smooth;

(b) the section (,) of the vector bundle (V®V)* — M is smooth;

(c) if s1, s9 are smooth sections of the vector bundle V'— M, then the map

(s1,82): M — R, m — (s1(m), s2(m)),

is smooth;
(d) if h: V]yy —UxRF is a trivialization of V, then the matrix-valued function,

B:U — MatzR  s.t. (b7 (m,v),h (m,w)) =v'B(m)w ¥ mell, v,weR",
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is smooth.
Every real vector bundle admits a Riemannian metric. Such a metric can be constructed by
covering M by a locally finite collection of trivializations for V' and patching together positive-
definite inner-products on each trivialization using a partition of unity. If W is a subspace of V
and (,) is a Riemannian metric on V, let

wt= {veV: (v,w)=0VweW}
be the orthogonal complement of W in V. Then W+ — M is a vector subbundle of V and
V=WaWw"
Furthermore, the quotient projection map
m:V—V/W
induces a vector bundle isomorphism from W+ to V/W so that

VaWae (V/W).

If V is a vector space over C, a nondegenerate Hermitian inner-product on V' is a map
(,):VxV —C, (v,w)— (v,w),

which is C-antilinear in the first input, C-linear in the second input,

(w,v) = (v,w) and (v,v) >0 YveV-0.

If {,) and (,)" are nondegenerate Hermitian inner-products on V and a,a’ € RT are not both zero,
then a(, )+d’(,)’ is also a nondegenerate Hermitian inner-product on V. If W is a complex subspace
of V and (,) is a nondegenerate Hermitian inner-product on V, let

Wt ={veV: (v,w)=0VweW}
be the orthogonal complement of W in V. In particular,
V=wWaeWw
Furthermore, the quotient projection map
mV —V/W
induces an isomorphism from W+ to V/W so that

VaWwe (V/W).

If M is a smooth manifold and V' — M is a smooth complex vector bundle of rank k, a Hermitian
metric on V is a nondegenerate Hermitian inner-product in each fiber V, ~ C* of V that varies
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smoothly with € M. More formally, the smoothness requirement is one of the following equivalent
conditions:
(a) the map (,): V x /V —C is smooth,;
(b) the section (,) of the vector bundle (V®gV)* — M is smooth;
(c) if s1, s9 are smooth sections of the vector bundle V.— M, then the function <sl, 32>
on M is smooth;
(d) if h: V |y —U x CF is a trivialization of V, then the matrix-valued function,

B:U — Mat;C s.t. (h7'(m,v),h Y (m,w)) =0'B(m)w ¥ meM, v,weCF,

is smooth.
Similarly to the real case, every complex vector bundle admits a Hermitian metric. If W is a
subspace of V and (,) is a Hermitian metric on V, let

Wt ={veV: (v,w)=0 Ywe W}

be the orthogonal complement of W in V. Then W' — M is a complex vector subbundle of V'
and
V=weaewh

Furthermore, the quotient projection map
mV—V/W
induces an isomorphism of complex vector bundles over M so that

VaWae (V/W).

If V— M is a real vector bundle of rank k£ with a Riemannian metric (,) or a complex vector
bundle of rank k& with a Hermitian metric (), let

SV ={veV:{vv)=1} — M

be the sphere bundle of V. In the real case, the fiber of SV over every point of M is S*~1.
Furthermore, if ¢/ is a small open subset of M, then SV|y ~Ux S*1 as bundles over U, i.e. SV is
an S*~1-fiber bundle over M. In the complex case, SV is an S%*~!-fiber bundle over M. If V— M
is a real line bundle (vector bundle of rank one) with a Riemannian metric (,), then SV — M
is an SO-fiber bundle. In particular, if ¢/ is a small open subset of M, SV |y is diffeomorphic to
Ux{x1}. Thus, SV — M is a 2: 1-covering map. If M is connected, the covering space SV is
connected if and only if V' is not orientable; see Section 6 below.

6 Orientations
If V is a real vector space of dimension k, the top exterior power of V| i.e.

APy = ARV

16



is a one-dimensional vector space. Thus, APV —0 has exactly two connected components. An
orientation on V' is a component C of V. If C is an orientation on V, then a basis {e;} for V is
called oriented (with respect to C) if

et N...Ne €C.

If {f;} is another basis for V" and A is the change-of-basis matrix from {e;} to {f;}, i.e.

i=k
(fl,...,fk) = (61,...,ek)A <~ fj:ZAijei;
=1

then
finh. . A fr=(detA)es A... Neg.

Thus, two different bases for V' belong to the same orientation on V if and only of the determinant
of the corresponding change-of-basis matrix is positive.

Suppose V — M is a real vector bundle of rank k. An orientation for V' is an orientation for each
fiber V, ~R¥, which varies smoothly (or continuously, or is locally constant) with x € M. This
means that if

h:V]y — UxRF

is a trivialization of V' and U is connected, then h is either orientation-preserving or orientation-
reversing (with respect to the standard orientation of R¥) on every fiber. If V admits an orientation,
V' is called orientable.

Lemma 6.1. Suppose V. — M is a smooth real vector bundle.
(1) V is orientable if and only if there exists a collection {Uy, ho} of trivializations that covers M
such that

det gog: UaNUg — RY,

where {gapg} is the corresponding transition data.

(2) V is orientable if and only if the line bundle A*°PV — M s orientable.

(8) If V is a line bundle, V is orientable if and only if V is (isomorphic to) the trivial line
bundle M xR.

(4) If V is a line bundle with a Riemannian metric (,), V is orientable if and only if SV is not
connected.

Proof: (1) If V' has an orientation, we can choose a collection {Uy,hs} of trivializations that
covers M such that the restriction of h, to each fiber is orientation-preserving (if it is orientation-
preserving, simply multiply its first component by —1). Then, the corresponding transition data
{9ap} is orientation-preserving, i.e.

det gog: UaNUg — RT.

Conversely, suppose {Uy, hq} is a collection of trivializations that covers M such that
det gog: UsNUz — R*.

Then, if z €U, for some «, define an orientation on V, by requiring that

he: Vy — zxRF
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is orientation-preserving. Since det gop is RT-valued, the orientation on V is independent of «
such that x €U,. Each of the trivializations h, is then orientation-preserving on each fiber.
(2) An orientation for V is the same as an orientation for A*™P, since

Atopv — Atop (AtOpV).

Furthermore, if {(Uy, ha} is a collection of trivializations for V' such that the corresponding tran-
sition functions g, have positive determinant, then {(U,, A*Ph,} is a collection of trivializations
for A*™PV such that the corresponding transition functions A*Pg,g = det(gqg) have positive de-
terminant as well.

(3) The trivial line bundle M xR is orientable, with an orientation determined by the standard ori-
entation on R. Thus, if V' is isomorphic to the trivial line bundle, then V' is orientable. Conversely,
suppose V' is an oriented line bundle. For each x € M, let

Cp CAYPV =V

be the chosen orientation of the fiber. Choose a Riemannian metric on V and define a section s of
V by requiring that for all z€ M

(s(z),s(z)) =1 and s(x) € Cy.

This section is well-defined and smooth (as can be seen by looking on a trivialization). Since it
does not vanish, the line bundle V is trivial by Lemma 2.3.
(4) If V is orientable, then V is isomorphic to M xR, and thus

SV =S(MxR) =MxS®=MuM

is not connected. Conversely, if M is connected and SV is not connected, let SV be one of the
components of V. Since SV — M is a covering projection, so is SV — M. Since the latter is
one-to-one, it is a diffeomorphism, and its inverse determines a nowhere-zero section of V. Thus,
V' is isomorphic to the trivial line bundle by Lemma 2.3.

If V is a complex vector space of dimension k, V' has a canonical orientation as a real vector space
of dimension 2k. If {e;} is a basis for V over C, then

{61,161, .o .,ek,iek}

is a basis for V over R. The orientation determined by such a basis is the canonical orientation
for the underlying real vector space V. If {f;} is another basis for V' over C, B is the complex
change-of-basis matrix from {e;} to {f;}, A is the real change-of-basis matrix from

{61,161,...,6k,i€k} to {fl,ifl,...,fk,ifk},

then
det A = (det B)det B € R™.

Thus, the two bases over R induced by complex bases for V' determine the same orientation for V.
This implies that every complex vector bundle V — M is orientable as a real vector bundle.
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