MAT 545: Complex (Geometry
Problem Set 5 Solutions

Problem 1 (10 pts)

Suppose (M, J) is an almost complex manifold, g is a J-compatible Riemannian metric on M,
and V is the Levi-Civita connection of g (thus, J is a complex structure in the fibers of the
vector bundle TM — M which preserves g; V is g-compatible and [X,Y]|=VxY —-Vy X for
any two vector fields X,Y on M ). Show that VJ = 0 if and only if (M, J, g) is Kahler (you
can use either of the equivalent conditions in PS2,#1 as the integrability criterion for J).

The nondegenerate 2-form determined by (g, J) is given by
w(X,Y)=g(JX,Y).
Given a fixed point pe M, let X, Y, Z be vector fields on M such that

VX|,=0, VY[,=0, VZ|,=0;
= VUX)|, = (V)X VUY)|, =(VI)Y, V(IZ)|, = (VJ)pZy,
X, Y],=0, [X,Z],=0, [Y,Z],=0.

(i) Suppose VJ=0. We first show that the Nijenhuis tensor of .J,
Ny(X,Y) = %([X, Y]+ J[X,JY]+ JJX,Y] - [JX, JY])
vanishes. With X and Y as above,
Ny(X,Y)p = (J(VxJ)Y = J(VyJ)X — (Vyx )Y + (VyyJ)X), =0,

since VJ =0; thus, (M, J) is a complex manifold. We next show that dw=0. With X,Y, Z as
above
{dw},(X,Y, Z)
= (XCU(Y, Z) + Y(.U(Z,X) + Zw(Xu Y) - LU([X, Y]? Z) - W([K Z]7X) - w([Zv X]v Y))

P
= (Xg(JY.2) + Yg(JZ,X) + Zg(JX,Y))
= (9(Vx )Y, Z) + g((Vy 1) Z, X) + g(V2])X,Y)) =0,
since VJ=0. Thus, (M,w) is a symplectic manifold, and (M, g, J) is Kahler.
(ii) Suppose (M, g, J) is Kahler; we show that V.J=0.
Solution (a): By Lemma in G&H, p107, there is a complex coordinate system z=(z1,...,2m),

with zi =z, +iyg, centered around p€ M such that

g= Z (dz@dzy, + dyp®@dyy,) + O(27).
%



Since V is determined by the values of g and of its first derivatives, (VT), agrees with (DT),
for every tensor T', where D is the connection for the flat metric. In particular, (V.J),=0.

Solution (b): From the proof in part (i),
Ny (X.Y)y = (J(VxD)Y = J(Vy /)X = (Vix )Y + (Vv J)X) 5

{dw}p(X, Y, Z) = (9(Vx )Y, Z) + g(Vy ) Z,X) + 9((V2])X,Y)) -

Since J?=—1d, g(J-,-)=—g(-,J-), and V is g-compatible,
J(VI)==(VD) I, g((Vx )Y, Z) = —g(Y,(VxJ)Z).
This all gives
29(Vz)X,JY) = g(NJ(X,Y),Z) + dw(JX,Y,Z) + dw(X, JY, Z).

Since M is Kahler, N, dw=0 and thus VJ.

Solution (c): Let D be the metric connection in the holomorphic tangent (7'M, J) — M with
the hermitian inner-product h by g; in particular, DJ=0. It is sufficient to show that D=V,
i.e. D is g-compatible and torsion-free. The former is immediate, since D is h-compatible.
Since M is Kahler, the “torsion” 7 of D defined by (*) in G&H, p76, is zero (G&H, p107). It
is thus sufficient to check that

7(X,Y)=DxY — Dy X — [X,Y]

for any two vector fields X,Y on M. Let vy,...,v, be a local h-orthonormal C-frame for
(TM,J) and @1, ..., pn the dual frame for (T*M, J)=(T*M* i). Then, for each i

dpi =Y i Npj + i
J

for unique 1-forms 1);; and (2,0)-form 7; such that vj; = —1);;. Furthermore,

Dv; = —Zd)m‘@i}k
%

for all 7; see p77. Thus,
o1 (Dy;vj — Dyyvi — [, 05]) = =tk (00) + Pi(vg) + {dpr} (vi, v7)
= — i (vi) + Yri(v;) + (Vij (Vi) — Yri(v;) + T(vi, v5)) = Tr(vs,v;).

Thus, 71 is indeed the vg-component of the usual torsion and its vanishing implies that D is
the Levi-Civita connection for (M, g, J).



Problem 3 (5 pts)

Let M, =(C"—0)/ ~, where z~2Fz for every k€ Z.

(a) Show that M, is a complex manifold (with the complex structure inherited from C™). What
simple smooth manifold is M, diffeomorphic to?

(b) Give at least two reasons why M, does not admit a Kahler metric for n>2.

(a) Let S?"~! denote the unit sphere in C". The diffeomorphism
f:Rx 8?1 — Ccn—o, (s, w) — 2°w,
is Z-equivariant with respect to the above action on C"—0 and the action
k-(s,z) = (s+k,z2)

on R x S$?"~1 Thus, M, is diffeomorphic to (R/Z)x S?"~1. Since the standard action of
Z on R is properly discontinuous, so is the action of Z on C" —0. Thus, the quotient map
q: C"—0— M, is a covering projection. Since Z acts by holomorphic transformations on
C™—0, i.e. the complex structure on C"—0 is preserved by the Z-action, the complex structure
on C"™—0 descends to a complex structure on the quotient M,,.

(b) If n>2, by the Kunneth formula
Hgep(Mn;R) R, Hip(MyR) = {0}, Hay(My;Z) = {0}.

However, the odd betti numbers of a compact Kahler manifolds are even, while the second betti
number is non-zero; this contradicts the first statements above. The third statement implies
that the complex one-dimensional tori ¢(L—0)C M,,, where L C M,, is a one-dimensional lin-
ear subspace, are trivial in the homology of M this is yet another reason that M,, is not Kahler.

Problem 4 (10 pts)
Let M=R*/ ~, where
(s,t,z,y) ~ (3+k,t+l,x+m,y+lw+n) v (s,t,x,y)€R4, (k,l,m,n)€Z4.

Show that

(a) this is an equivalence relation;

(b) M is a compact symplectic manifold (with the symplectic form, i.e. closed non-degenerate
2-form, inherited from the standard symplectic form on R*, i.e. ds A dt + dx A dy).

(¢) M does not admit an integrable complex structure compatible with this symplectic form.
Note 1: this is the first known example (due to W. Thurston’76) of a symplectic manifold that
admits no Kahler structure.

Note 2: in contrast, every symplectic manifold (M,w) admits an almost complex structure
compatible with w; the space of w-compatible almost complex structures is contractible.



For each (k,I,m,n)€Z*, define
Pk,l,m,n) R4 — R4 by (P(k,l,m,n)(sat7x7y) = (3+k7t+lax+m7y+lx+n)-

Then, (s,t,z,y) ~ (s',t',2',y') if and only if (s',t',2",9') = @ immn)(s:t,z,y) for some
(k,1,m,n)€Z*.

(a) ReﬂeXiVity: (87 t7 x, y) = 90(0,0,0,0) (5) ta &€, y)
Symmetry: if (s',t', 2", y") = Ok 1.mm) (5,1, 2, y), then

(8,6, 2,Y) = P(—ky—t,—m,—ntim) (' ', 2", y);
Transitivity: if (s, i, i, Yi) = Ok, 15,memi) (Si-1, ti—1, Ti—1,¥i—1) for i=0,1, then
(52,12, 02, Y2) = P(ky+ko,l1+l2,m1 +ma,n1+na+malz) (505 t05 T05 Yo)-
It follows that M is the quotient of R by the group G =Z* with the composition law
(k1,l1,ma,nq) - (ka,la,ma,na) = (k1 + ko, 11 + l2, m1 + ma, n1 + n2 + mila),
which is acting on the right.
(b) For every (s,t,x,y) €R?*, there exists (k,1,m,n) € Z* such that

cp(k:,l,m,n) (Sa t,x, y) € [07 1]4 .

Since [0,1]* is compact, it follows that so is M. The action group G on R* is properly
discontionuos: if p is any point and B,(1/2) is the open ball of radius 1/2 around p, in the
square or round metric, then

Bp(1/2) N (o pmmy (Bp(1/2)) =0V (k,1,m,n)€Z*~0.

Thus, the quotient map ¢: R* — M is a covering projection. Since G acts on R* by diffeo-
morphisms, the smooth structure on R, descends to M. Since

Crimn(ds Ndt +dx Ndy) = ds Ndt +dx A (dy + ldx) = ds A dt + dx A dy,

the G acts on R?* preserves the symplectic form, which thus descends to a symplectic on M.

(c) Since R* — M is a covering projection, (M) =G and Hy(M;Z)=G/|G,G]. Since the
projection on the first three coordinates G — Z3 is a group homomorphism, [G,G] C 03 x Z.
Since G is not abelian, it follows that

Hi(M;R) = Hi(M;Z) @z R ~ R%;

(in fact [G, G]=0? xZ, but this is not needed). Thus, the first betti number of M is odd and
therefore M does not admit a Kahler metric.



Problem 5 (5 pts)

Let (X, J,g) be a Kahler manifold and w its symplectic form. Show that w is harmonic with
respect to g.

Let L be the wedging with w operator and A either of the three laplacians. By one of the
main Hodge relations, AL = LA (this is used in the proof of the Lefschetz theorem). Thus,

Aw = A(L1) = L(A1) = L0 = 0.

Problem 6 (10 pts)

Let M be a compact complex manifold that admits a Kahler metric.
(a) Let a be a (p, q)-form on M such that da=0. Show that the following are equivalent

(i) o= dp for some (p+q—1)-form j;
(i) o = 0B for some (p—1,q)-form f3;
(i4i) o = OB for some (p,q—1)-form B;

(iv) o = OB for some (p—1,q—1)-form B.

(b) Let w and W' be symplectic forms compatible with the complex structure on M _(thus w and
w' arise from Kahler metrics on M ). If [w]=[w'|€ H3, p(M), show that w' =w+idf for some
feC>®(M;R).

(a) (iv) = (i),(ii),(iii), since d=0+0, 0> =0, 9*=0, and 99 = —I9 on any complex manifold.
(i) = (ii),(iii): Since a =dp, a is orthogonal to the harmonic forms (since M is Kahler,
harmonic forms for d, 9, and 0 are the same). Thus, by the Hodge decomposition for 0 and 9,

a=0y_+ 0y =0y +9*,.

Since da=0 and da=0 (because « is of pure bi—diagree),i@*'y% 5*7; =0.
(i) = (iv): By Hodge decomposition, 5 = Sy + 9p_ + 0* 5+, where [y is harmonic. Thus,

a=08=008_+00"B. =  0=008=08003_ + 009 P, .

Since 90 = —00 and 0% = 0 on all complex manifolds, while 90* = —9*9 on Kahler manifolds,
it follows that

55*8,8+ =0 = 5*8,8+ =0 = 85*,8+ =0 = a= 8éﬁ, ,
as required.
(b) Let a=w—w’. By our assumptions, a € AV (M), da=0, and a=dB. Thus, a =190g for
some g€ C*(M;C) by part (a). Since « is a real (1,1)-form, it follows that
a=a=(—i)00g = i00g = a=190(9 +7)/2;

so we can take f= Reg.



