MAT 531: Topology& Geometry, 11
Spring 2011

Solutions to Problem Set 2

Problem 1: Chapter 1, #10 (5pts)

Suppose M is a compact nonempty manifold of dimension n and f: M — R™ is a smooth map.
Show that f is not an immersion (i.e. df |, is not injective for some mée M.

Solution 1 (direct): We first notice that if h: M — R is a smooth map and reaches its maximum at
some m € M (which need not exist in general), then dh|,, =0. If (U, ) is a coordinate chart near m,
then

hop™t:pU) — R

is a smooth map that reaches its maximum at ¢(m). Thus,

a(hocp_l)_ . _n d(hop™) o
o =0 Vi=1,...,n N dh|m—; P dz; = 0.

Suppose next that f: M™ — R" is smooth and r; : R — R is the projection onto the first
component. Since rq is a smooth map, so is

rio f: M — R.

Since M is compact, 1 (f(M)) is a closed bounded subset of R and thus 70 f reaches its maximum
at some point me M. By the above,

dri| g(my © df lm = d(r10 f)|m = 0.

Since the linear map
draf gy Tym)R" =R" — Tp (5om))R=R

is surjective (being projection onto the first component), the linear map
df‘m TmM — Tf(m)]Rn

is not surjective. Since the dimension of T, M is n, it follows that df|,, is not injective either.

Solution 2 (via Inverse FT): Suppose f: M™ — R™ is an immersion. Since for every m € M, the

linear map
df‘m ToM — Tf(m)]Rn

is injective, df|,, is an isomorphism. Thus, by the Inverse Function Theorem, for every m € M there
exist open neighborhoods U,, of m in M and V,,, of f(m) in R™ such that

Fltt s U — Vin
is a diffeomorphism. In particular,

fM) = | JVim cR”
meM



is an open subset of R™. On the other hand, if M is compact, then so is f(M). Since R" is Haus-
dorff, f(M) is then a closed subset of R"”. Since R™ is connected and f(M) is open and closed, f(M)
is either empty or the entire space R™. The former is impossible if M is not empty; the latter is
impossible because f(M) is compact, while R™ is not.

Problem 2: Chapter 1, #7 (10pts)

Suppose N is a smooth manifold, A is a subset of N, and .: A— N is the inclusion map.

(a) Let T be a topology on A. Show that there exists at most one differentiable structure F on
(A, T) such that v: (A, F)— N is a submanifold of N (i.e. v is smooth and di|, is injective for
allacA).

(b) Let T be the subspace topology on A (induced from the topology of N ). Suppose (A,T) admits
a smooth structure F such that v: (A, F) — N is a submanifold of N. Show that there exists
no other manifold structure (T', F') such that v: (A, F')— N is a submanifold of N.
(a) Suppose F and F’ are smooth structures on (A4, 7) such that the maps
t: (A, F) — N and v (A, F)— N

are immersions. The map id: (A, F') — (A, F) is a homeomorphism (and thus continuous) and
1= toid:

(4, F)
Since ¢: (A, F)— N is a submanifold and ¢: (A, F') — N is smooth, by Theorem 1.32 the map
id: (A, F)— (A, F)
is smooth. Similarly, the map id: (4, F) — (A, F’) is smooth. Thus, the map
id: (A, F') — (A, F)

is a diffeomorphism. Since F and F’ are maximal with respect to the smooth-overlap condition, it
follows that F=F'.

(b) Suppose (7', F’) is a manifold structure on A such that the map
v (A, F)— N

is a submanifold of N. The map ¢: (A,7)— N is a topological embedding and ¢: (4,7') — N is
continuous:



(4,7, F)

Thus, the map id: (4,7") — (A, T) is continuous. Since ¢: (A,7) — N is a submanifold, by
Theorem 1.32 the map
id: (A, 7", F) — (A, T,F)

is then smooth. Since the map
t=1r0id: (A, T, F)— (A, T,F) — N

is an immersion, so is the map

id: (A, T, F) — (A, T,F).

Since it is bijective, by Problem 4 on PS1 id is a diffeomorphism. We conclude that 7/ =7 and
F'=F.

Problem 3 (15pts)
(a) For what values of t R, is the subspace
{(ml, s Tpgl) cRtL. x%—i—. . .—|—x%—x%+1 = t}

a smooth embedded submanifold of R"+12
(b) For such values of t, determine the diffeomorphism type of this submanifold (i.e. show that it is
diffeomorphic to something rather standard).

(a) Let f: R" —R be the smooth map given by
f(x) =ai+.. +a2—a2 if x=(z1,...,2p).
Then, S;=f~1(¢). The differential of f,
dxfl TanJrl — Tf(x)R = R,

is given by

duf = ﬁ dyxr1+ ...+ of dxZpt1 = 2x1dxxy + - . . + 22,dxxy — 22p41dxTra1-
8.%'1 8xn+1

Since the target space of dyx f is a one-dimensional vector space, dx f is surjective if and only if dy f
is nonzero. Since {dxz;} is a basis for TAR" "1 it follows that dyf is surjective if and only x#0. If
t#£0, then 0¢ S;. Thus, dyf is surjective for all x€S; and S; is an embedded submanifold of R™*!
of dimension

dim S; = dimR"*! — dimR =n
by the Implicit Function Theorem if ¢£0.



The differential of f vanishes at 0 €Sy and the Implicit FT does not determine whether
SO = {(ZL‘l, e ,ZL'nJrl) GR”H-I: ZL‘%‘F . +mi:$i+1}

is an embedded submanifold or not. The only potentially singular (non-smooth) point of Sy is O.
To see what Sy looks like, consider the case n=1:

So = {(ml,x2)€R2: x%zz‘%} = {(ml,x2)6R2: |x1]:]x2|}.

Thus, if n=1, Sy is the union of the lines 1 =+x9 through the origin:

€2

€

In general, the cross-section of Sy by the hyperplane x,; =s is an (n—1)-sphere of radius |s| or a
single point if s=0. Thus, Sy is a union of 2 cones with the vertex at the the origin. This implies
that 0 is not a smooth point of Sy. In fact, it is not even a manifold point in the topological sense,
i.e. there exists no open neighborhood U of 0 in R™*! such that SyNU is homeomorphic to an open
subset of R¥ for some k. In summary, Sy is a smooth embedded submanifold of R**! if and only if

t£0.

Remark: Here is how to see formally that if U is a neighborhood of 0 in R"*! and V is an open
subset of R¥, then SoNU and V are not homeomorphic. It is enough to assume that U and V are
both connected. By the Implicit Function Theorem, Syp—0 is a smooth embedded submanifold of
R™*! of dimension n. Thus, we can also assume that k=n. If n>1, then the complement of any
point in V' is connected. However, (Sp—0)NU is not connected:
So—0 = (SQ—O)QU_;_U(S()—O)QU_ where
Uy = {(zl,...,mn+1)€R"+1:J:n+1>0} and U_ = {(:L“l,...,an)E]R"H:mn+1<0}.
Thus, SoNU and V are not homeomorphic. If n=1, V must be an open interval and the complement
of a point in V' has exactly two components. On the other hand, (So—0)NU has (at least) four
components:
So—0 = (So—O)ﬂU++ U (SO_O)QUJFf U (SU—O)QUer U (So—O)ﬂUff,
where Usigy = {(xl,xg)ERQ: +z1>0, £, >O}.

Thus, SoNU and V are again not homeomorphic.
(b) Suppose t>0. Then, the set of solutions of the equation
2 2 _ 2 n
ri+.. 4o, =t+z, g, (x1,...,2y) € R,

with 2,41 fixed is an (n—1)-sphere (this is not the case for every x4 if ¢ <0). Thus, we expect
that S; is diffeomorphic to S"~! xR, with the second component given by z,1. Define

$R™I SR XR by w(xl,...,mn+1>=(w,xn+l).

Vit Tnn



Since t >0, this map is smooth. In fact, it is a diffeomorphism:

YL Yntt) = (Vs (0 Yn) Ynn)-

Since S; is a submanifold of R"*1 4|g, is also smooth. Furthermore,
»(Sy) € SV xR.
Since S" ! xR is an embedded submanifold of R xR,
Yls,: Sy — STTIXR
is smooth by Theorem 1.32. Since 9 is a diffeomorphism,
Vs, : Sy — STTIXR

is an injective immersion. Since 1 ~!(S""1xR)CS; (i.e. f(w_l(y)) =t for all y € S" 'xR), this map
is surjective as well. Thus, by Exercise 6 on p51 (from PS1),

Vs, : Sy — STTIXR
is a diffeomorphism.
Suppose t <0. Then, the set of solutions of the equation
xi+1:ft+x%+...+1:i, Tnt+1 € R,

with x1, ..., z, fixed is two distinct points, i.e. S® (this is not the case for every (z1,...,z,) if t>0).
Thus, we expect that S; is diffeomorphic to R” x S° (R®UR"), with the first component given by
(x1,...,2p). Define

PR R xR by (@1, Tng1) = <($1’ S ), :EZH )
V—tai4. . +ad

Since t <0, this map is smooth. In fact, it is a diffeomorphism:

O Ny, Yns) = ((yl, cesUn), \/—t—i—x%—i—. T yn+1).
Since S; is a submanifold of R™"! 1|g, is also smooth. Furthermore,
¥(Sy) € R"x S°.
Since R™x S? is an embedded submanifold of R” xR,
Y|, : S — R"xS°
is smooth by Theorem 1.32. Since 9 is a diffeomorphism,

Yls,: St — R"x S0



is an injective immersion. Since ¢~ (R"x SY) C S (i.e. f(¢~!(y)) =t for all y € R"x SY), this map
is surjective as well. Thus, by Exercise 6 on p51 (from PS1),

Yls,: Sy — R xS0
is a diffeomorphism.

In summary, S; is diffeomorphic to S?~! xR if >0 and to R™ LUR" if ¢ <0.

Remark: The above argument assumed that n>1. If n=0, S; is the empty set if ¢ >0, consists of
one point if =0, and consists of two points if t<0. All are zero-dimensional manifolds.

Problem 4 (10pts)
Show that the special unitary group
SU, = {AEMatn(C: A'A=1,, det Azl}
18 a smooth compact manifold. What is its dimension?

We will use the Implicit Function Theorem to show that the unitary group
U, = {AEMatn(C: fltA:]In}

is a compact embedded submanifold of Mat,C (which is diffeomorphic to R2”2) and SU, is a closed
embedded submanifold of U,,.

First, for each B € Mat,,C, let
Lpg: Mat,,C — Mat,,C, Lp(A) = BA,
be the left-multiplication map. It is smooth (being a linear transformation) on c.
Let Her,, denote the space of Hermitian n xn matrices:
Her,, = {AEMatnC: Al :A}.

Since Her,, is a linear subspace of R2? (it is defined by a linear equation on the coefficients), Her,,
is an embedded submanifold of Mat,,C. Define

f: Mat,,C — Mat,,C by f(A) = AA.
Since f is a polynomial map in the coefficients of A, f is smooth. Furthermore,
f(Matn(C) C Her,,.
Since Her,, is an embedded submanifold of Mat,,C, the map

g: Mat,,C — Her,,C, g(A) = f(A),



is smooth. We will show that I,, is a regular value for g (it is not for f), i.e. dag is surjective for all
Acg\(I,) =U,.

First, we show that
dr, g: 11, Mat,C — 1y, Her,

is surjective. For each B € Mat,C, define
ap: R — Mat,,C by ap(s) =1, + sB.

Then, ap is a smooth curve in Mat,,C so that ap(0)=1I,. In particular,

d
a’5(0) = dBoz‘Og € Ty, Mat,,C.

Furthermore,
d][ g(o/ (0)) = d]} g doOéB i = do(g o aB) i
" B " ds ds
d d _ _
- gg(aB(s))‘szo = %(]In+th)(]In+sB)‘S:O = B'4+B € Her,, = Tj, Her,,.

In particular, the map
di,g: {a’z(0): B€Her,} —s Ty, Hery, di,g(c/5(0)) = 2B,
is surjective, and thus so is dy,g. On the other hand, if B€g~1(I,,), then

9(Lp(A)) = g(BA) = BA'(BA) = A'B'BA = A'A = g(A) VA€Mat,C — g=golp
— dr, g = dLB(Hn)g ody, Lp: 11, Mat,C — TgMat,C — Ty, Her,,.

Since dj, g is surjective, it follows that so is dgg, for all BeU,, i.e. I, is a regular value for g. Thus,
by the Implicit FT, U, =g~ (I,,) is an embedded submanifold of Mat,,C of dimension

dim U,, = dim Mat,,C — dim Her,, = 2n? — (2n(n—1)/24n) = n?

(the condition A*= A defining Her,, means that the n(n—1)/2 above-diagonal complex entries can
be chosen freely and determine the below-diagram entries, and the diagonal entries must be real).
The subspace U, of Mat,,C is compact because it is closed (preimage of a point under a continuous
map into a T1l-space) and bounded in the standard metric on R2n* (the condition A*A =1, implies
that the length of each row and column of A is 1).

We now show that SU,, is an embedded submanifold of U,,. Define
: Mat,,C — C by P(A) = det A.

Since 1 is a polynomial in the entries, it is a smooth function. Since U, is a submanifold of Mat,,C,
Y|y, is also smooth. Furthermore,

AeU, = 1=detl,=det(A'A)= (det A")(det A) = (det A)- (det A)
— detAeS'! — (U, cS.

7



Since S! is an embedded submanifold of C, the map
p: Uy — ST, p(A) = 9(A),

is smooth by Theorem 1.32. By definition, SU, = ¢~ !(1). We will show that 1 is a regular value
for o (but not for ¥y, ), i.e. dap is surjective for all A€p~1(1). First, we show that

dy, ¢: 11, U, — T3S

is surjective. Define '
a: R — Mat,,C by a(s) = €’l,.

This map is smooth and a(R)CU,. Since U, is an embedded submanifold of Mat,,C, the map
B:R— U,  B(s) =a(s),
is then smooth by Theorem 1.32. Furthermore, 8(0)=1I,. In particular,

d

5(0) = doﬁ(ds> €T U,

We have

e (#10) =dup (405 (31 ) ) = ot o 0)( 3 ) = 1o (56 g
d

d is ins
= &det (e Hn)|s:0 = ¢ |

=ineT)S'cTC=C.
ds

s=0

Thus, dr, ¢ is nonzero and must then be surjective (since its target space is one-dimensional). On
the other hand, if B € p~!(1), then Lp(U,) C U, (i.e. U, is a subgroup of GL,C). Since U, is an
embedded submanifold of Mat, C, then the map

Ly: U, — U,, L'5(A) = Lg(A),
is smooth by Theorem 1.32. Furthermore,

©(L'5(A)) = ¢(BA) = det (BA) = (det B)(det A) =det A=p(A) VAcU, = ¢p=yolp
— dﬂngo:dL%(Hn)QDOd]InLIB:THnUnC—)TBUn —>T131.

Since dy, ¢ is surjective, it follows that so is dpyp, for all B € SU,, i.e. 1 is a regular value for ¢.
Thus, by the Implicit FT, SU, =¢ (1) is an embedded submanifold of U,, of dimension

dim SU,, = dimU,, — dim S* = n? — 1.

Since SU, is the preimage of a point under a continuous function in a T'1-space, SU, is closed subset
of U,, and thus compact.



Problem 5 (10pts)
Suppose f: X — M and g: Y — M are smooth maps that are transverse to each other:
TteyM = Imd, f + Imdyg V (z,y) € X XY s.t f(x)=g(y). (1)
Show that
XxuY ={(z,y) €XxY: f(x)=g(y)}
is a smooth (embedded) submanifold of X XY of codimension equal to the dimension of X and
Ty (X xuY) = {(v,w) €T, XST,)Y: dpf(v)=dyg(w)}  V(z,y) € XxpnY.

We need to find a smooth function hA: X xY — N and a submanifold Z of N such that X x;Y =
h=Y(Z) and h is transverse to Z in N. The following is a standard trick for replacing a condition
like f(z)=g(y) €M by (z,y)€h1(Z). Let

Ay ={(p,p)EMxM: pe M} C MxM
be the diagonal in M x M. It is the image of M under the smooth map
d: M — MxM,  d(p)=(p,p).

This map is a topological embedding and an immersion; so Z= A}, is an embedded submanifold of
N=MxM and

ToppAu = {(v,v) eT,M&T,M} C T(p, ) (M x M) =T,M&T,M  VYpeM. (2)

Define
h: XxY — MxM by  h(z,y) = (f(z),9(y))-

Since the maps f and g are smooth, so is the map h. Furthermore, X x5, Y =h~1(Ay).

We will now show that the transversality assumption (eql) is equivalent to h being transverse to the
diagonal:
Th(x’y)(MXM) =1Im d(%y)h + Th(:p,y)AM V(x,y)Ehfl(AM); (3)

by the Implicit Function Theorem, h=1(Aj;) is then a smooth submanifold of X xY (we only need
to show (eql) implies (eq3) for this). Suppose (z,y) € h=*(Ays). Condition (eq3) is equivalent to
the condition that for all v,w & Ty M =Ty,yM there exist '€ T, X and y'€T,Y such that

v—dgf(2') = w—dyg(y)
because then
(v,w) = (dxf(l“l), dyg(y')) + (v —dpf(2'),w — dyg(y’)) € Imd, h + Thzy)Am-
This condition is equivalent to (eql) (just move w to LHS and d, f(2’) to RHS).

It follows that X x ;Y is a smooth submanifold of X XY of codimension equal to the codimension
of Aysin M?, which is the same as the dimension of M. For the last statement, note that

-1 —1
Lo (Xx0Y) € {d@ph} ™ (T, panBar) = {d@pht ({(w,u) € Ty METy ()M : w€ Ty M}),
because h(X x 3 Y)CAps. By the transversality of h to Ay,
. -1 . . . 2 .
dim {d(zg)h} (T(@),pnAnr) = dimToX + dim Ty Y — (dim Ty pay M — dim T (), () D)
=dim T, X +dimT,)Y —dim M = dim T{, ;) (X xaY);

thus, the above inclusion is actually an equality.



