MAT 324: Real Analysis, Fall 2017
Solutions to Problem Set 9

Problem 1 (8pts)

Let (X, F, ) be a measure space. Suppose there exist A, BE€F such that ANB=0 and u(A), u(B) eR*.
Show that the norm ||-||, on LP(X) is not induced by an inner-product on LP(X) for any p€ 1, co]—{2}.
Let f=1,4 and g=1p. Thus,
1
1£llp = 6, glly = (BYYP, [+l £ —gllp = (u(A)+1(B))"".
If || - ||, is induced by an inner-product on LP(X), then
2
IF+gll2+ 1F=gl2 = 2(1F12+N9l12),  (u(A)+u(B))*" = u(A)*? + u(B)7.

If 2/p<1 (resp. 2/p>1), then the left-hand above is smaller (resp. larger) than the right-hand side.
Thus, || - ||, is not induced by an inner-product on LP(X) if p##2.

Problem 2 (15pts)

Let C%%(R) C L%(R) denote the subspace of continuous square-integrable functions. Define
LAR) = {feL*R): f=0aec. on[0,1]},  CP*R)=LR)NC*(R).

(a) Let f€CY%(R) be such that f(x)#0 for some x € R—[0,1]. Show that there exists g € Cg’Q(R)
such that {({f,g)2 # 0. Conclude that f € C%2(R) has a projection to 08’2(R) if and only if
f(0)=f(1)=0.

(b) Let f€L*(R). Determine the projection of f to L3(R).

(a; 10pts) Let f € C%2(R) and * € R—[0,1] be such that f(x*) # 0. By multiplying f by —1 if
necessary, we can assume that f(z*)>0. Since f is continuous, there exists 6 >0 such that f(z)>0
for all x € (x*—§,2*+09). Since x* &0, 1], by shrinking § we can assume that

(z*=6,2"+6) N [0,1] = 0.
Define gGCS’Z(R) by

0, if teR—(a*—6,2"+9);
82— (z—a*)?, if xez*—0d,2%+4].

Thus,
z* 49

(rade= [ tade>o

because fg is a continuous positive function on (x*—4, 2*+9).

Suppose f € C%2(R) and fy € 08’2(R) is its projection. Thus, (f— fo,g))2 =0 for every g € 08’2(R).
The previous paragraph then implies that f(z) = fo(z) for every x € R—[0,1]. By the continuity
of f, this implies that f(0) = fp(0) and f(1) = fo(1). Since fy € CS’Q(R) is continuous and vanishes



almost everywhere on [0, 1], it in fact vanishes everywhere on [0, 1]. In particular, fo(0)= fo(1) =
Combining this with the previous conclusion, we obtain f(0)=f(1)=

Suppose f€C%2(R) and f(0)= f(1)=0. Define

0, if z€10,1];

fo:R—R,  fo(z) = {f(w% if zeR—(0,1).

By the assumption f(0)= f(1)=0, this function is well-defined. It is continuous because it is contin-
uous on two closed sets whose union is its domain. Thus, fo€ Cg 2(R). Since f(z)= fo(x) for every
xe€R—[0,1], {f—fo,9))2=0 for every 9608’2(R). Thus, fo is the projection of f to 08’2(R).

(b; 5pts) Let f: R — R be a representative of an element of L2(R) (an element of L?(R) is an
equivalence class). Let
fo = ]lR—[O,l}f: R — R.

Thus, fo€ L3(R) and f(x)= fo(x) for every € R—[0,1]. The latter implies that ((f— fo,g))a=0 for
every g € L3(R). Therefore, the element in L?(R) represented by fo is the projection of the element
represented by f to L3(R).

Problem 3 (17pts)

(a) Let X1, Xo be sets, 0(S1) be the o-field on X1 generated by a collection Sy C 2% of subsets of X1,
and 0(Sy) be the o-field on Xo generated by a collection Sy C2X2 of subsets of Xo. Show that the
o-fields o(S1xS2) and o(0(S1)x0(S2)) on X1 x Xo generated by the collections

81X52_{AXB'A681,B€SQ} and
(Sl)XO' 52 {AXB AEU(Sl) BEU(SQ)}

respectively, are the same.

(b) For n € ZF, let M,, C 28" be the collection of Lebesque measurable subsets as described in
Section 6.1. Show that

0(./\/1711 ><./\/ln2) C My 4n, Y ni,ne€Zt;
note the inequality above.
(a; 9pts) Since S; XSy Co(S1) X0 (Sa),
o(S1%92) C o(o(81)x0(S2)).
We need to show the opposite inclusion. Let
Fi1= {AEO’(Sl)I Ax Xo 60(51><SQ)}, Fo = {BGU(SQ): XleGU(51XSQ)}.
Since X1 x X9 €0(S1xS2), X1 €F;. Since
X1xXg—AxXo = (X1—A)xXs

and the collection o(Sy x S2) is closed under complements, the collection Fj is also closed under
complements (if A€ Fy, then A°e Fy). Since

G(A x Xs) <UA>><X2

n=1 n=1



and the collection o(S7 x S2) is closed under countable unions, the collection F; is also closed under
countable unions (if Ay, Ag,...€ Fy, then (J;2 | A, € Fi). Thus, Fy is a o-field on X;. By definition
of Fi,

S1 CFC O'(Sl).

Since o(F1) is the smallest o-field containing Si, it follows that F; =0(S1). By the same reasoning,
Fo=0(S2). Thus,
{AXXQZ AEU(fl)}, {X1><B: BEO’(]:Q)} C U(Sl><52).

Since the collection o (S7 x.S3) is closed under pairwise (and more generally countable) intersections,
it follows that

o(51)x0(Ss) = {(AxX2)N(X1xB): Aco(F1),Beo(F2)} Co(S1x52) C a(co(S1)xo(S2)).
Since o(0(S1) X0 (S2)) is the smallest o-field on X1 x X3 containing o(S1) X o(S2), it follows that the

last inclusion above is in fact an equality.

(b; 8pts) The collection M,, C 28" consists of the subsets E C R™ that satisfy (2.6) in the book
with the outer measure m*=m. as in Definition 2.3 with the intervals and their lengths replaced by
n-dimensional “rectangles” and their volumes. This collection contains all n-dimensional “rectangles”
and all m}-null subsets of R™. The former implies that M,, contains the o-field B,, generated by the
collection of n-dimensional “rectangles”. If F'C[0,1] is a non-measurable subset as on p302, then

E,=Ex[0,1]" ! cR"

is a non-measurable subset with respect to m; by the same reasoning as on p302.

Let n1,n9 €ZT. It is fairly immediate from the definition that

m’ (A1 XAQ) < m;kn (Al) . mZQ (AQ) VAl CRnl, A2 CcR™ .

ni+ng
If EyeM,, and Eye M,,, there exist
B, FieM,, and DBg,FreM,, s.t.
Ey=B1UF|, Bi€By, mfn(Fl):O? Ey=ByUF3, By€Bp,, mflz(Fz):O‘

By (a), B1 X By € By, +n, and thus By x By € My, n,. By the above inequality, By x F», F} x By, and

Fyx Fy are my; . -null subsets of R™*"2 and thus belong to My, 1n,. Since My, 4n, is closed under

finite (and more generally countable) unions, it follows that
EixEy =B xByUB1xFoUB1 xFo UF1 X Fy € My, 4,
Since o(My, X My, ) is the smallest o-field containing M,,, x M,,,, we conclude that
U(./\/ln1 X./\/lm) C Mp,4ny;
If ECR™, then Ex{0"} is my; ,, -null and thus belongs to M, 1n,. Since
(Ex{0"2}) g, = E,

Theorem 6.4 implies that E x {0"2} does not belong to o(M,,, x My,) if E is not m;, -measurable.
Thus,
U(Mm XMNQ) Z Mn1+n2 :



