MAT 324: Real Analysis, Fall 2017
Solutions to Problem Set 6

Problem 1 (8pts)

Let (X, F, u) be a measure space and f,: X — R be a sequence of measurable functions converging
almost everywhere to a function f. Suppose

s ([ (sup 17, ) < . 1)

m—»00 n<m

Show that /fdu = h_}m </fnd,u)

The sequence of measurable functions

gm = Sup ‘fn|a gm(:n):sup{|fn(aj)|n:1,,m},

n<m

is non-decreasing and thus converges to some measurable function g: X — R. Furthermore, g,, >0
for all m. By the Monotone Convergence Theorem and (1),

/ gd,uz/( lim gm)du: lim (/gmdu> = limsup (/ (sup |fn])du> < 00.
X x| M—00 m—00 X M—00 X n<m

Thus, g€ £'(X). By the definition of g, |f,|<g for all n. The desired statement now follows from
the Dominated Convergence Theorem.

Problem 2 (17pts)

Let (X, F,u) be a measure space. Suppose f1, fa,...: X — R is a sequence of measurable functions
converging a.e. to a measurable function f and g1,g2,...: X — R is a sequence of integrable
functions converging a.e. to an integrable function g such that

fnl < gn ae. and /gd = lim </ gnd ) 2
|/l 9= Tim (] gndn (2)

/X fdu= tim_ < /X fndu>- (3)

Suppose first that f,, >0 for all n. By Fatou’s Lemma,

[ s [ tim )= [ (tminf,) e < timinf ( /. fndu> . ()

For each n € Z*, let h,, = g,—f. This function is not defined for x € X such that f,(z)=g,(z)=o0;
we set h,,(x) =0 for such x. Since g, € £1(X), the set of such x has measure 0 and thus does not

Show that



affect any statements below. By the first condition in (2), hy, >0 a.e. Thus, Fatou’s Lemma applies
and gives

/(liminf(gn—fn))d,uz / (liminf by, )dp < liminf</ hnd,u) = liminf(/(gn—fn)du> . (5

Using f, — f, gn —> g, and g€ L1(X), we obtain

A(%fiigf(gn—fn))dﬂ—/X(g—f)du—/ngu—/xfdu- (6)

Using g, € £'(X) and the second condition in (2), we obtain

lim inf / In—fn d,u> zliminf</gnd,u—/fnd,u>
n—>oo< X( ) n—7>oo X X
= liminf(/ gnd,u> —limsup(/ fndu> (7)

= / gdu — limsup</ fndu).
X n—s00 X
Combining (5)-(7), we find that

/gdu—/fduﬁ/ gdu—llmsup(/fndu>-

Since g€ £L1(X), this gives
fd,u > lim sup(/ fndy>.
n—aoo X

Combining this with (4), we obtain

lim sup(/ fndu) fdu < lim inf(/ fnd,u> < lim sup(/ fnd,u>.
n—>o0 X n—aoo X n—>o00 X
Thus, all inequalities above are equalities, which establishes (3) if f,, >0 for all n.

In the general case, let h,, = f,,+¢g,. This function is not defined for z € X such that f,(z)=—o00
and g,(r) = 0o (at the same time); we set h,(z) = 0 for such z. Since g, € L}(X), the set of
such x has measure 0 and thus does not affect any statements below. Since f, — f, g, —> g, and
Gn, 9 €LY (X), it follows that

h, — f+g a.e., 29, — 29 a.e., 200,29 € LY(X).
By (2),
0 < h, <2g, ae. and / (29)dp = lim (/ (29n)d,u).
X n—-o0 X

From the conclusion in the previous paragraph, we thus obtain

[ (= i ( /. hndu) ~ lim_ ( /. (fn+gn>du>. ®)
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Since g, g€ L1 (X),

/}((erg)du—/dequ/ngu,
i ([ vroan) = g ( foans fan) = o ( [ ) o ( [onte]

= lim </andu) +/X9du-
Combining these two equations with (8), we obtain

Afdﬂ+/)(9dﬂznﬁ_r>rloo</)(fndu>—l—/ng,u.

Since g€ £(X), this establishes (3).

Problem 3 (10pts)

For each n€Z™, define

Fasgni[0,00) B, fule) = s gae) =

Te
1+z/n’

(a) Fmd/ hm fn and / lim gy)d

n—aoo

(b) Show that

lim </ fnd:r> = lim </ gndx>

(¢) Show that there exists no Lebesgue integrable function F': [0,00) — [0,00] such that fp, <F
a.e. on [0,00] for all neZ*.

and find this limit.

(a; 3pts) Since f,(0)=0 for all n, f,(0) —0. Since ¢"**” with >0 dominates every polynomial
in n as n— 00, fp(x)—0 for all >0 as well. It is immediate that

ze 22

1+0

gn(z) — =ze~ as n— 00.

Thus,

o, ¢] [o.¢] o o 2 1 2 00 1
/ ( lim fn)dac = / 0dz = 0, / ( lim gn)dx = / ze Vder = —=e" = —.
0 n—>o0 0 0 n—>o0 0 2 0 2



(b; 4pts) By the change of variables  — nx,

oo 0 —(nz)? n-00 —x? ()
[ nae= | (n2)e™™ ) = J A
0 o 1+(nz)/n no 1tz/n 0
This implies that the two limits in the statement are the same. Since g,(x)>0 and g,(x) ~ze~
for all z €0, c0),

&) o0 1
lim </ gndsn> = lim </ gndrra :/ ( lim gn)dm:/ ze " dm = /xe_Ide = —;
n—o0\ Jg n—20\_J[0,00) [0,00) W00 [0,00) 0 2

the second equality above holds by the Monotone Convergence Theorem.
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(c; 3pts) Suppose such F exists. Since f, >0, the assumption implies that |f,| < F for all n€Z™".
By the Dominated Convergence Theorem and part (a), we would then have

im_ ( /O h fnd:c> _ /0 " tim_f,)dz =0,

However, this contradicts part (b).

Problem 4 (15pts)
Show that the function

f:[0,00) — R, f(zn):{&fﬁ if zeR*;

0, if x=1;
has an improper Riemann integral over [0,00), but is not Lebesque integrable on [0,00).

The function f has an improper Riemann integral over [0, c0) if the limit

/f(:v)d:cz lim f(z)dx
0 0

a—r0o0

exists. It is Lebesgue integrable on [0, co) if the limits

fe+dm = lim frdm = lim f+dx
[0,00) n——ao0 [O,TL] n—=oo 0

exist (and are finite), where fy:[0,00) — [0, 00) are given by

fo(o) %ﬂ, if x€[n(n—1),7n] for some ne€Z™ —27";
xr) =
* 0, otherwise;
@) 7|Si£x|, if x€[n(n—1),7n] for some ne€2Z;
_(z) =
0, otherwise.



For each n€Z™, let

™ 3
ap = / de > 0.
n(n—1) &

Since |sin(z)|>1/2 if x€[r(n—1)+7/6,Tn—7/6],

S 1 21 1
a _— =
"= 2w 3  3n
Thus,
oo o
1 1 1
lim fedm > — == — = 00,

because the harmonic series diverges (by the Integral Test for the infinite series). We conclude f
is not Lebesgue integrable.

Since |sin(x)| <1,

™ 1 1
ang/ —dx<—1—>0 as n — 0.
™

Since |sin(z+m)|=]sin(z)|,

. /m [sin(z+m)] (o /m [sin(z+m)[ /”("Jrl)\sin(x+7r)| de =,
n — - - - n .
m(n—1) T w(n—1) T+ ™ T
By the Alternating Series, the infinite series
d 1 i 1 ™k gin 2
_1\n— — 1; _1\n— — 1;
n=1 n=1
thus converges. Since
W(k—l) : a _.: k -
/ Sl < / Sl < / Sl P if ac[r(k—1),7k], keZt 277,
0 x o 7 0 x
7wk a o w(k—1) o
/ Sm‘”dxg/ Smxdxﬁ/ P3¢ ifacln(k—1),7k], ke2Z*,
0 z o T 0 €T
it follows that
oo a k 1
dr= 1l de = i -1
|| s = i [ @ = tim S,

exists. Thus, f has an improper Riemann integral over [0, co).



