MAT 324: Real Analysis, Fall 2017
Solutions to Problem Set 5

Problem 1 (5pts)

Let (X, F,u) be a measure space and f, : X — [0,00] be a sequence of measurable functions.

Show that - -
/}((;n)w -3 (/andu>-
k

The sequence g, = Z fn of functions is increasing with k. Each of these functions is measur-

n=1
able, being a finite linear of combination of measurable functions. By the Monotone Convergence

Theorem,

J(Syan= [t S )= [ g = 1 ( [ )
i ([ (S)an) = g 35 () = 55 ( f ).

n=1

The Monotone Convergence Theorem is used for the last equality on the first line above. The
integral and finite sum on the second line can be switched because we have shown that

/X(f+g)du=/xf+/xg

for measurable functions f,g: X —R.

Problem 2 (10pts)

Let (X, F,u) be a measure space and fp, : X — [0,00] be a sequence of measurable functions

decreasing almost everywhere to f: X — [0, 00]. Suppose / fidu<oo. Show that
X

/X fdp= lim_ /X fudpt. (1)

Let X’ C X be the subset of points such that f,(z) does not converge to f(z), Xo C X be the
subset of points such that f;(z)=o00, and

Y=X-X-X,.

By the assumption, X’ € F and u(F’) =0. Since f is measurable, X, € F. Since f; € F1(X),
1(Xoo)=0. Thus, Y € F and

/X fdu = /Y Fdu+ /X | = /Y fdu, /X fudps = /Y fudpi + /X L o= /Y fud (2)



because p(X'UX ) =0. Let g, = fi—fn on Y and g, =0 on X'UX,. These functions are measurable,
being differences of measurable functions. The sequence of these functions is increasing and g, >0
because the sequence f,, is decreasing. By the Monotone Convergence Theorem,

/Y ( lm gn)dp = lim_ ( /Y gndﬂ) : (3)

On the other hand,

/Y (,Jim_gn)dp = /Y (,Jim (fr—fa))dp = /Y (fi= lim f)dp= /Y fudp /Y (lim fo)dp (4)

n—aoQ

lim_ < /Y gndu> ~ lm_ ( /Y(fl—mdu) ~ lm_ < /Y frdp— /Y fndu>
~ [ fiau— i ( /. fndu>-

/yfldu_/y(nh—qloof")dﬂz/Yfld“_nh_ﬂnoo(/and/t)

Since / fldu:/ fidp < oo, this gives
Y X

/deu _ L(nhﬁloof")d“ = lim_ </1andu).

Along with (2), this implies (1).

()

By (3)-(5),

Problem 3 (10pts)

(a) Let (X,F,u) be a measure space and f: X — [0,00) be a measurable function. For n € Z,
define
E,={zeX:2"< f(z)<2""}.

Show that f is integrable on X if and only if Z 2" u(Ey) < oo.
neL
(b) Let aeR. Use (a) to show that the function f(x)=x"% is Lebesgue integrable on (0,1) if and
only if a<1.
(a) Since f is measurable, E, € F for every n. By the definition of E,,

2" < flp <2 = M|, < flp <2"Mg,|, .

s

Since E,NE, =0 for all n#n/, it follows that

0<> 2Mp, < f<> 2"Mg =2) 2",

ne’l neZ nez

0g/)((ZQ”HEn>dug/deug/)((222”%1)(1”:2/)((22"1&)@.

neL nez nez



By Problem 1,

/){(ZQ"ﬂE,)du—Z/Z”]lEndu—Zzn/nEndu—ZgnM(En)_

nez nez X nez X nel
Thus,

0= Y 2B < [ fdu<2y 2u(E).
nez X nez
This establishes the claim.
(b) If a>0, then

B, ={ze(0,1): 27 (mtD/a<pcomn/al

> o omu(B,) =) 2 (27 e—2m (M) = (127 /e) ) "gn(i=l/e)
nez n=0 n=0

The last sum above is a geometric series. It converges if a € (0, 1) and diverges if a>1. By part (a),
this implies that =% is integrable on (0,1) if a€(0,1) and is not integrable if a>1. If a <0, then
0<z=*<z~ /2 on (0,1) and thus 2~ is also integrable.

Problem 4 (5pts)
Let (X, F, 1) be a measure space and f: X — R be a measurable function which is integrable on X .
Show that f>0 almost everywhere on X if and only if fE fdu>0 for oll E€ F.

Let X_={xe€X: f(x)<0}. Since f is measurable, X' € F. If E€F, then ENX_, E—X_€F and

The middle integral above is nonnegative because flp_x_ >0. If u(X_)=0 (i.e. f >0 almost
everywhere on X), then y(ENX’)=0 and the last integral above vanishes. Thus, [, fdu>0 for
every e F.

Suppose [ fdu>0 for every E€ F. We need to show that p(X_)=0. In principle, this is the
special case of the first statement of Theorem 4.22 obtained by replacing (f, g) by (0, f). Below is
a direct proof. For each n€Z™, let

E,={zeX:z<-1/n}.
Since f(x)<—1/n on E,,
o< [ sau< [ (<1madp=-uE)/n.

Thus, pu(E,)=0 for every n€Z" and so

) = @1E> —0.



Problem 5 (10pts)

Show that the limit  lim 2" ™l dm  exists and find it.
n—m=o0 R

The function & —s ze™* reaches the maximum at =1 and this maximum is e~' < 1. Thus,
‘xne*nlxl‘ — (’x|e*|$|)” < |x]e"””|.

Since

[0.9]
/ z|e™*ldm = 2/ ze “dr =2 < o0,
R 0

the Dominated Convergence Theorem says

lim e el qm = /( lim (x"e_"m))dm = /Odm =0.
R R R

n—-ao0 n——aoo

Below is a direct proof of this conclusion.

Since |z]e~ "l <e™ 1,
‘x"e_"‘xw = (\x!e_m)n < el zlelol

Thus,
’/m"e_"xldm‘ < /‘x”e_”|x|‘dm < /(el_"\xle_|x)dm = el_"/(\x]e_xl)dm =2,
R R R R

Thus, lim [ z"e ™*ldm=o0.
n—oo R



