MAT 324: Real Analysis, Fall 2017
Solutions to Problem Set 2

Problem 1 (5pts)

Suppose AC BC C CR are such that A,C € M and m(A) =m(C) <oo. Show that Be M and

m(A)=m(B)=m(C).
Since A,Ce M, ACC, and m(A) < oo,

m(C—A) =m(C) —m(A) = 0.

Thus, C—A is a null set. Since B—ACC—A, B—A is also a null set and thus B—Ac€ M. Since A

and B— A are disjoint measurable sets,

B=AU(B-A)eM and m(B) = m(A) + m(B—A).

Problem 2 (10pts)
Let F, Fo, ... be disjoint measurable sets and ACR be any subset. Show that
m* <Am U En> => m*(ANE,)
n=1 n=1
By the countable subaddivity
m*(AﬁUEn> :m*< JAnE,) ) Zm (ANE,)
n=1 n=1

Thus, only the opposite inequality needs to be shown. For each k€ Z=°{o0}, let

k
=|JE.eM, A,=AnE'CR

n=1
In particular,
Ap_1NE, = A,NE, Vn<k, AkﬂEk_l = Ai_1, Akﬂ(Ek_l)c = ApNEy

the last equality holds because Ej, is disjoint from E*~! and thus Ej C (E¥~1)e.

We show by induction that

k k
Ap) =) m*(ANEy) =Y m*(ANE,) ¥ keZ?;

n=1

VkeZ";



only the first equality needs a proof. This statement is true for k=0. Suppose k€ Z" and (1) is
true for k—1, i.e.

k—1 k—1
m* (Akfl) = Z m* (Ak,1 ﬁEn) = Z m* (AkﬂEn) (2)
n=1 n=1

Since EF e M,
m*(Ak) =m* (AkﬂEkil) +m* (Akﬂ(Ekfl)c) =m* (Ak—l) +m* (AkﬁEk).
Combining this with (2), we obtain the first equality in (1). Since A; CA2C...C A,

k 00
m* (Aoo) > lim m*(Ag) = lim m* (AooﬂEn) = Zm* (AﬁEn);
n=1

k—>o0 k—o0
n=1

the first equality above is (1). This establishes the desired inequality.

Problem 3 (5pts)

Let FEy, Es, ..., EyC|0,1] be measurable subsets. Show that
20 20
m( ﬂEn> > " m(Ey) —19.
n=1 n=1

Since E,’s, their intersection E™, and I=[0, 1] are measurable and their measures are finite,

20 20 20
m(E") =m() —m(I-E") =1— m< U(]I—En)> >1— Zm(]l—En) =1- Z(m(ﬂ)—m(En))
” " n=1 n=1 n=1
=1- (20 - Zm(En)) > m(E,) - 19
n=1 n=1

Problem 4 (10pts)
Show that there exist A, BCR such that
ANB=0 and m"(AUB) <m*(A)+m*(B).
By p302, there exists a non-measurable subset £ CR. Thus, there exists F'CR such that
m*(F) <m*(FNE) +m*(FNE°).

We can thus take A=FNE and B=FnNE°.



Here is a more explicit example. Let Fy, Eo,...C[—1,2] be the translates of the non-measurable
set F2C [0, 1] constructed on p302. Since the outer measure m* is translation-invariant, there exists
§€[0,1] such that m*(E,)=4 for all n€Z™. Since all null sets are measurable, 6 >0. Since

OE” C [-1,2] and m*( [OJEn> <3,
n=1 n=1

there exists k€ Z™ such that
k k
ot () <ho=3 ' (5,)
n=1 n=1

Take the smallest such k; then k>2. Let

k—1

A= U E,, B = E.

n=1

Since all E,’s are pairwise disjoint, ANB=({. By the choice of k,

k—1
m*(A) = m( UEn> = (k—1)5,  m(B) =m(Ey) =4,
n=1

k
m*(AUB) = m< UEn> < ké =m*(A) +m*(B).
n=1

So, A and B are as needed.

Problem 5 (8pts)

o0
Let t1,05,...€(0,1) be a sequence such that Z 2", < 1. Starting with Cy=10,1], let C,, C [0, 1]
n=1
for n€Z* be the subset obtained from Cy,_1 by removing the open middle interval of length £, from
each of the 2" 1 disjoint closed intervals making up Cp_1. Show that

C= ﬁCnC [0,1]

n=1

is a closed Borel subset. Find its measure.

The set C'is closed because it is an intersection of closed sets. It is a Borel set because every closed
set is Borel. Since C,, C [0, 1] for n€Z* is obtained from C,_1 by removing 2"~! disjoint intervals
of length £,,,

n

m(Cy) =m([0,1]) =Y " 2F 14

k=1
Since Cp D C1D... and m(Cp) < oo,
m(C) = < ﬂcn) = lim m(Cp)=1-) 2.
n o0
n=0 k=1



Problem 6 (12pts + bonus 5pts)

For X CR, let
Mx ={EnNX: Ee M}, ,uxzm*‘MX.

(a) Show that (X, Mx, ux) is a complete measure space if X CR is measurable.

(b) Which properties of a complete measure space (X, Mx,ux) may not satisfy if X is not as-

sumed to be measurable? Give an example.
(a) Since Re M, X =RNX eMx. If Ac Mx, then A=FENX for some F€ M and
X-A=R-E)NX € Mx
because R—Fe M. If Ay, As,...€ Mx, then A, =E,NX for some E, € M and

DAn = D(EnﬂX) = <6En>ﬂX € Mx

n=1 n=1

because the union of E,,’s belongs to M. Thus, Mx is a o-field on X. If AC B for some Be Mx
with px(B)=m*(B) =0, then B is a null set and thus so is A. Since M contains all null sets,

AeM and so A=ANX e Mx. Thus, the o-field Mx is complete with respect to ux.

Since X € M and M is closed under intersections, Mx C M. If A1, Ay, ... € Mx are such that

AnNA, =0 for all n#n/,

i (@A) _ m@A) _ gmmn) - gjluxmn) |

Thus, px is a measure.

(b) The only part of the argument in (a) that depends on X being measurable is that px is count-
ably additive. Thus, (X, Mx, ux) satisfies all properties of a complete measure space with the

possible exception of the countable additivity for ux.

Bonus: In fact, px is countably additive even if X is not measurable. Suppose A1, Ao, ...

are such that A,NA, =0 for all n#n’ and E, € M are such that 4,=FE,NX. Let
F,=FE,— FEiU.. UE,_1 € M.
Thus,

F,NF, =0V n#n/, GAn = < DEn> NX = (GFn> NX,
n=1 n=1

n=1

EMX

FoNX = (B, — (E1NE,)U. . .U(E,1NEy)) N X = A, — (AINA)U. . .U(A,m1NAy) = A,,.

From Problem 2 with A=X and E, replaced by F;,, we then obtain

() = (20 0)8) = S - Sivta

Thus, px is countably additive.



