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EXTERIOR STATIC VACUUM EINSTEIN METRICS
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ABSTRACT. We study solutions to the static vacuum Einstein equations on domains of the form
M ~R3\ B with prescribed Bartnik data (v, H) on the inner boundary M. It is proved that for
any smooth boundary data (v, H) close to standard round data on the unit sphere (y41,2), there
exists a unique asymptotically flat solution of the static vacuum Einstein equations realizing the
boundary data (v, H) which is close to the standard flat solution.

1. INTRODUCTION

In this short note, we prove a local existence and uniqueness theorem for solutions of the static
vacuum Einstein equations, motivated by a well-known conjecture of Bartnik in general relativity.
To describe the result and its setting, recall that the static vacuum Einstein equations on an
n-dimensional manifold M are given by

(1.1) uwRic = D*u, Au=0,

where ¢ is a Riemannian metric on M and u : M — R™T is a positive (or non-negative) potential
function. Here also Ric is the Ricci curvature of g, D? is the Hessian and A = trD? is the Laplacian
with respect to g. These equations are equivalent to the statement that the manifold M = S x M,
with metric
gm = uldo? + g,

is Ricci-flat, i.e. Ricg,, = 0, (the vacuum Einstein equations). In this work, we will only consider
the situation where M is diffeomorphic to the exterior of a ball B C R", so M ~ R™\ B. Moreover,
we consider only solutions which are asymptotically flat (AF), in the sense that the metric g and
potential function u satisfy

(1.2) 9= 9pua =1+ 00"%), u=1+00"7).

These conditions imply that the metric and potential in fact have an asymptotic expansion near
infinity, cf. [6]; this will not be relevant here however.

Let E™% be the space of all AF static vacuum solutions (g, u) on M which are C™“ smooth up
to the boundary OM. We assume m > 2 and « € (0,1). This space is given the C"® topology
with weight function r”~27¢. Let Diff’lﬂﬂ’a be the group of AF diffeomorphisms of M which equal
the identity on OM. This serves as the “gauge” group of the problem and the quotient space

(1.3) gme = gm /Diff b

is the corresponding moduli space of AF static vacuum solutions. It is proved in [1], cf. also [3],
that £™ is a smooth infinite dimensional Banach manifold; in particular the group Difff"™"* acts
freely on E™“,

With each (g,u) € E™® one may associate its Bartnik boundary data (v, H), where v = ggps is
the induced metric on M and H is the mean curvature with respect to the inward unit normal
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N into M. Here the sign is chosen so that H = n — 1 for the round unit sphere S"~1(1) C R".
This choice of boundary data was introduced by Bartnik [4] in connection with his definition of
quasi-local mass in general relativity. Note that the boundary data are invariant under the gauge

group DiﬁT+1’a.
One may thus define a Bartnik boundary map
(1.4) p: E™® — Met™(OM) x C™ 1*(OM),

HB(Q?“) = (VvH)
This is a map of Banach manifolds, and again it is proved in [1], [3] that IIp is a smooth Fredholm
map, of Fredholm index 0. This means that, at each (g,u) € £™%, the derivative or linearization

(1.5) DIlg : TE™* — T(Met™*)(OM) x C™ H*(OM),

DIlg(h,u') = (h', H}),
is a Fredholm linear map, i.e. has finite dimensional kernel and cokernel, with dimKer(DIlg) =
dimCoker(DIlg). Here h is a symmetric bilinear form, h” is the restriction of h to T(OM) and
Hj is the variation of the mean curvature H in the direction of the deformation h. The pair (h,u’)
satisfy the linearization of the static vacuum equations (1.1) and so give an infinitesimal Einstein
deformation.

The pure gauge infinitesimal deformations are of the form x = (£Lzg, Z(u)), where Z is a C™+1@
vector field on M with Z = 0 on OM. These are of course “modded out” so don’t appear in the
finite dimensional kernel K = Ker(DIIp).

A fundamental conjecture of Bartnik [4], [5], of importance in general relativity, is that in di-
mension n = 3 the map IIp in (1.4) is a global diffecomorphism, i.e. one has global existence and
uniqueness for this nonlinear boundary value problem, at least when the mean curvature H > 0. As
discussed in [3], this is not true in general and it remains a very interesting problem to understand
the existence and uniqueness of solutions to the boundary value problem, i.e. the injectivity and
range of the map IIg. This issue is also closely related to a deeper understanding of the Bartnik
quasi-local mass, cf. [4], [5].

Note that when the potential function satisfies v = 1 on M, then M is necessarily flat, so that
in the context above, (M,g) C (R™, gpyue) isometrically. We will call the solution with u = 1,
9= gpua and M = M = R™\ B"(1), the standard exterior solution; thus M is the exterior of the
round unit ball in R™ (up to isometry). The boundary data of the standard exterior solution are
given by (v, H) with v = y41 = ygn-1(1), and H =n — 1.

Theorem 1.1. The standard exterior of the round unit ball M = R3\ B3(1), g = gpua, u = 1 is
a reqular point of the boundary map Ilg, so that DIlg is an isomorphism. Thus
(1.6) K = KerDIlp =0,

and DIIg is surjective at the standard exterior solution on R3.
In particular, if k = (k,u') € TE™ is tangent to the standard exterior solution and kT = H; =
0, then k = 0*Z with Z =0 on OM = S™(1).

A standard application of the inverse function theorem in Banach spaces gives the following:

Corollary 1.2. There is a neighborhood U C Met™%(S%) x C"™*(S?) of the standard flat boundary
data (v41,2) such that for any (v, H) € U, there is a unique solution (M,g,u), M = R3\ B3(1),
of the static vacuum Einstein equations (1.1), up to isometry in DiffTJrl’o‘, for which

HB(Q,U) = (/77 H)
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Corollary 1.2 generalizes a result of Miao [9], who proved this result for boundary data and
static vacuum solutions which are invariant under reflection in the standard coordinate planes in
R3, i.e. Zo x Zy x Zy invariant. Note that this condition does not allow one imply that the standard
exterior solution is a regular point of IIz. This is discussed further in Remark 2.2. Theorem 1.1
gives the first example of a regular point of Iz, with the exception of solutions near to the exterior
of the horizon of the Schwarzschild metric discussed in [3].

I would like to thank Pengzi Miao for interesting discussions related to the topic of this paper.

2. PROOFS AND REMARKS

In this section we prove Theorem 1.1 and Corollary 1.2, and make several further remarks. The
proofs are very simple, given the setting from the Introduction. To prove Theorem 1.1, it suffices
to prove (1.6), since DIl is Fredholm, of Fredholm index 0.

We work with n arbitrary, although at the end of the proof we will require n = 3.

We begin with the Gauss equation or scalar constraint equation for the boundary M C M. For
a general Riemannian metric, this reads

|AI> — H* + R, = R, — 2Ric(N, N),

where A is the 2nd fundamental form, /N is the unit normal pointing into M and R,, R, are
the scalar curvatures of v and g respectively. For static solutions R, = 0 and —Ric(N,N) =
—u NN (u) = w1 (Ayu + HN(u)), where the second equality is a standard consequence of the
relation Apu = 0 in adapted (Fermi) coordinates about OM. (Here A, is the Laplacian on
(OM,~)). Hence one has

(2.1) u(|A* — H? + R,) = 2(Ayu+ HN(u)),

Consider the linearization of (2.1) in the direction of an infinitesimal static Einstein deformation
k = (K',u") € K = KerDII about the standard round solution with « = 1. For the standard round
boundary data on S"~1(1) C R" one has |[A? =n—1, H*> = (n—1)*> and R, = (n — 1)(n — 2), so
that |A|? — H? + R, = 0. We have kT = k|sps = 0 and A = v so that trA4) = H, = 0. It follows
that

(2.2) 2(A 0 + (n—1)N(u')) = 2(A},, A) — 2HH;, = 2H;, — 2(n — 1)H}, = 0,
on OM. Hence
A+ (n—1)N(') =0,
on OM.
Consider in general the equation
(2.3) A+ (n—1)N(v) =0,

on M, where v is harmonic on (M, gpye) with v — 0 at infinity. Note that the variation u’ satisfies
these conditions, since

(2.4) 0= (Au) = A'u + Au' = A/,

again since v = 1 on M. Hence v is harmonic on M. It is clear from (1.2) that v — 0 at infinity
in M.

We claim that the only solution to (2.3) is the trivial solution v = 0. Thus, suppose first that
maxv > 0 at some point in M. Then maxy; v > 0 occurs at a point p € M and, by the Hopf
maximum principle, cf. [8] for instance, —N(v(p)) > 0 where —N is the outward unit normal to M.
Hence Av(p) < 0 and N(v(p)) < 0, contradicting (2.3). Hence maxy; v = 0. The same argument
working at a point achieving min v shows that miny; v = 0 so that v = 0 which proves the claim.
It follows in particular that u/ = 0 on M.
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By the linearized static vacuum equations, one has then u'Ric + uRic’ = (D?)'u + D*u/ which
thus gives Ricj, = 0, so that k is an infinitesimal Ricci flat deformation of (R™*1\ B"T1(1), gpue)
with k7 = 0.

Now suppose n = 3 so that k is then an infinitesimal flat deformation of (M, gguq) = (R3\
B3(1), gpue)- It is well-known that the round sphere is infinitesimally isometrically rigid in R3,
i.e. the only infinitesimal isometric deformations of S?(1) in R? are trivial, pure gauge deformations,
so that k = Lzg for some vector field Z, Z = 0 on OM. It follows that K = Ker(DII) = 0, as
claimed. (Note here that Killing field deformations X of S?(1) satisfy k = 6*X = 0).

|

To prove Corollary 1.2, the inverse function theorem in Banach spaces implies that II is a local
diffeomorphism near the standard exterior solution. Corollary 1.2 is just a restatement of this fact.
|

Remark 2.1. The proof of Theorem 1.1 and Corollary 1.2 generalizes to arbitrary n > 3, provided
one knows that an infinitesimal Ricci-flat deformation of the standard flat exterior (M, gpyer) sat-
isfying the boundary conditions k7 = H 1. = 0 is necessarily a flat deformation. This is in fact true,
and essentially follows from the (exterior) isometry extension theorem in [2], cf. [2, Propositions
5.2 and 5.3]. However, the proof of the isometry extension result is rather long and uses different
methods from those discussed in this brief note. Hence, we leave it to the interested reader to verify
this in detail.

Another important class of static vacuum solutions are the Schwarzschild metrics of the form

2m
(2.5) gm = (1 — T,TQ) Ydr? + 12 ggn 1y,

with 7 > (2m)Y (=2 for m > 0 and r > 0 for m < 0, and

(2.6) w=1/1—

Consider the exterior region M = r~![1,00). One then has boundary data
Y =7+1=ggn-1(1), and H = (n—1)V1-2m.

The fact that regular points of the smooth map Il are open implies that the exterior Schwarzschild
domain (M, g, u) above is a regular point of IIp, for m small. We conjecture that in fact all such
round exterior Schwarzschild domains are regular points of IIg. The proof of Theorem 1.1 however
does not go through in this case, mainly since the relation (2.4) now becomes

Au' = —A'u = (D*u, k) + (B(k), du),

where =6 + %dtr is the Bianchi operator. It is not clear if the right side can be made to vanish,
or have a particular sign, for u of the form (2.6).
It is also unknown if general flat exterior solutions are regular points of Iz, i.e M = R™\ B with
B a ball with smooth boundary 0B = OM, g = gguq © = 1. The main difficulty with the method
above is handling the term (A}, A). It would be very interesting to know this one way or the other.
We also conjecture that the standard flat exterior boundary data (y41,n — 1), and similarly
standard Schwarzschild exterior boundary data (y41,(n — 1)y/1 —2m) are uniquely realized by
the flat and Schwarzschild metrics respectively. This is a global uniqueness conjecture, somewhat
analogous to the well-known black hole uniqueness theorem for the Schwarzschild metric, cf. [7]. It
does not appear that the elementary methods used above can be adapted to settle this issue.
4



Remark 2.2. It is of interest to compare the proof of Corollary 1.2 with the main result of Miao
in [9] which gives the same result in dimension 3 but with a Zg x Zy x Zs symmetry condition
imposed. Loosely speaking, and in physics terminology, Miao works off-shell and with a fixed
gauge and boundary conditions, while the approach in this work is on-shell (i.e. on the space of
solutions), without any gauge and studying the behavior of the gauge-invariant map to the boundary
conditions. For this to work, it is important to know that the on-shell moduli space £™% is itself
a smooth Banach manifold.

In a little more detail, Miao proves that the linearized Einstein operator in a Bianchi gauge D®,
together with the the boundary conditions (v, H) imposed, has a surjective linearization at the
standard round exterior in R3, when all data satisfy the symmetry condition Zo x Zy X Zg above.

Note that the operator T ~ D® in [9] is not an isomorphism; the L? orthogonal complement
of ImT is described in [9, Prop. 2|. In particular, it has non-zero gauge components 7, 7. The
proof of Theorem 1.1 above implies that KerT = 0 so that the Fredholm operator T" has negative
Fredholm index. An examination of the form of (ImT)* given in [9, Prop. 2] also shows that DIIp
in (1.5) is surjective in dimension 3, [10] so that the two methods of proof are consistent.
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